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BOUNDEDNESS OF (ǫ, n)-COMPLEMENTS FOR
SURFACES
GUODU CHEN AND JINGJUN HAN
Dedicated to Vyacheslav Shokurov on the occasion of his seventieth birthday
Abstract. We show the existence of (ǫ, n)-complements for (ǫ,R)-
complementary surface pairs when the coefficients of boundaries belong
to a DCC set.
Contents
1. Introduction 2
2. Sketch of the proof of Theorem 1.6 6
3. Preliminaries 8
3.1. Pairs and singularities 8
3.2. Arithmetic of sets 11
3.3. Complements 12
4. Uniform rational polytopes for linearity of MLDs 13
4.1. PLDs and MLDs in dimension two 13
4.2. Proof of Theorem 2.2 18
5. Existence of decomposed complements 25
5.1. Inversion of stability 25
5.2. Proof of Theorem 2.1 for surface germs 31
5.3. Proof of Theorem 2.1 37
6. Proofs of main results 41
6.1. Diophantine approximation 41
6.2. Complements for surface germs 45
6.3. Proofs of Theorem 1.6, Corollary 1.8 and Theorem 1.9 48
7. Applications of Conjecture 1.1 and open problems 50
7.1. Applications of Conjecture 1.1 50
7.2. Open problems 52
Appendices 59
A. Structure of surface singularities 59
B. Nakamura’s conjecture with DCC coefficients for surfaces 64
References 67
Date: May 19, 2020.
1
2 G.Chen and J.Han
1. Introduction
We work over the field of complex numbers C.
The theory of complements was introduced by Shokurov when he proved
the existence of log flips for threefolds [Sho92]. It originates from his earlier
work on anti-canonical systems on Fano threefolds [Sho79]. The theory
is further developed in [Sho00,PS01,PS09,Bir19,HLS19,Sho20], see [FM18,
Xu19b,Xu19c,FMX19] for recent works.
At the first sight, the definition of complements seems to be technical.
However, the boundedness of log canonical complements for Fano type
varieties with hyperstandard sets Γ ⊆ [0, 1] ∩ Q proved by Birkar [Bir19]
is a breakthrough in the study of Fano varieties. Birkar’s result plays
an important role in the proof of Birkar-Borisov-Alexeev-Borisov Theo-
rem [Bir19,Bir16a], the boundedness of log Calabi-Yau fibrations [Bir18],
Jonsson–Mustat¸aˇ’s conjecture on graded sequence of ideals which implies
an algebraic proof of Demailly–Kolla´r’s openness conjecture [Xu19a], Chi
Li’s conjecture on minimizers of the normalized volumes [Xu19a], and the
openness of K-semistability in families of log Fano pairs [Xu19a,BLX19].
The previous researches on complements were mainly focused on the
existence of log canonical complements for Fano type varieties with sets
Γ = Γ¯ of rational numbers, where Γ¯ is the closure of Γ. In this paper, we
will study the existence of ǫ-log canonical complements for Fano type and
Calabi–Yau varieties with sets Γ of real numbers. Recall that the DCC
stands for the descending chain condition, and the ACC stands for the
ascending chain condition. The following is a generalization of Shokurov’s
conjecture on the existence of (ǫ, n)-complements (see [Sho04a], [Bir04,
Conjecture 1.3, Conjecture 1.4]).
Conjecture 1.1 (Existence of (ǫ, n)-complements). Let ǫ be a non-negative
real number, d, p two positive integers, and Γ ⊆ [0, 1] a DCC set. Then
there exists a positive integer p|n depending only on d, p, ǫ and Γ satisfying
the following.
Assume that (X,B) is a pair, X → Z is a contraction and z ∈ Z is a
(not necessarily closed) point such that
(1) dimX = d,
(2) either ǫ = 0 or −KX is big over Z,
(3) B ∈ Γ, that is, the coefficients of B belong to Γ, and
(4) (X/Z ∋ z,B) is (ǫ,R)-complementary.
Then there is an (ǫ, n)-complement (X/Z ∋ z,B+) of (X/Z ∋ z,B).
Moreover, if SpanQ≥0(Γ¯∪{ǫ}\Q)∩ (Q\{0}) = ∅, then we may pick B
+ ≥ B.
Remark 1.2. We weaken conditions “(2)’ −(KX +B) is big and nef” and
“(4)’ (X,B) is ǫ-lc” in conjectures proposed in [Sho04a], [Bir04, Conjecture
1.3, Conjecture 1.4] to conditions (2) and (4), strengthen the conclusion “n
belongs to a finite set” to “a positive integer p|n”, and additionally have
the “Moreover” part. The “Moreover” part is about monotonicity property
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of complements which is useful in applications especially when Γ¯ is a set
of rational numbers and does not hold in general. Shokurov informed us
that condition (4) is an analog of the existence of R-complements in [Sho20]
which he believes to be the correct assumption for the boundedness of log
canonical complements after a decade of research.
Remark 1.3. According to the minimal model program, varieties of general
type, Fano varieties and Calabi–Yau varieties form three fundamental
classes in birational geometry as building blocks of algebraic varieties,
and the boundedness of complements for Calabi–Yau varieties implies the
boundedness of global index (see Proposition 7.2) which is related to the
boundedness of Calabi–Yau varieties, one of the central open problems in
biratioanl geometry. Thus it is also very natural to study the theory of
complements for non Fano type varieties.
Philosophically, the boundedness of complements should hold not only for
Fano type varieties. However, it is not completed clear what are the most
general settings.
Remark 1.4. For the purpose of induction in birational geometry, we need
the theory of complements for infinite sets Γ when we apply the adjunction
formula. In order to prove the existence of complements for infinite sets
Γ, a frequently-used strategy is to replace Γ by some finite set which
is contained in the closure of Γ, see [PS09,Bir19,FM18,HLS19,FMX19].
Thus we need to study the theory of complements when Γ is a subset
of real numbers. Moreover, the theory of complements for sets Γ of real
numbers also appears naturally in the study of the ACC for minimal log
discrepancies even when the coefficients of boundaries belong to a finite
rational set as the accumulation points of minimal log discrepancies might be
irrational numbers [Liu18]. The boundedness of log canonical complements
with some Diophantine approximation properties for Fano type varieties
with any DCC set Γ ⊆ [0, 1] was established in [HLS19]. The theory of
complements in this case could be applied to prove the ACC for minimal
log discrepancies of exceptional singularities [HLS19], and it implies some
known but important results, such as the Global ACC [Sho20], the ACC for
log canonical thresholds [Sho20], the ACC for Fano indices [Sho20].
Remark 1.5. When ǫ > 0, Conjecture 1.1 can be regarded as a relative
version of Birkar-Borisov-Alexeev-Borisov Theorem. It implies Birkar-
Borisov-Alexeev-Borisov Theorem (Proposition 7.1), Shokurov’s index con-
jecture (Proposition 7.4) and Shokurov-McKernan’s conjecture on Fano type
fibrations (Proposition 7.6). We refer readers to [HLS19,Sho20] for other
applications of Conjecture 1.1. These applications also provide positive
evidences for Conjecture 1.1.
In this paper, we show the following result which implies that Conjecture
1.1 holds for surfaces.
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Theorem 1.6. Let ǫ be a non-negative real number, p,M two positive
integers and Γ ⊆ [0, 1] a DCC set. Then there exists a positive integer
p|n depending only on ǫ, p,M and Γ satisfying the following.
Assume that (X/Z ∋ z,B) is a surface pair such that
(1) B ∈ Γ,
(2) (X/Z ∋ z,B) is (ǫ,R)-complementary, and
(3) either ǫ = 0 or the multiplicity of any fiber of any minimal elliptic
fibration of the minimal resolution of X over Z is bounded from
above by M .
Then there is an (ǫ, n)-complement (X/Z ∋ z,B+) of (X/Z ∋ z,B).
Moreover, if SpanQ≥0(Γ¯∪{ǫ}\Q)∩ (Q\{0}) = ∅, then we may pick B
+ ≥ B.
In particular, Conjecture 1.1 holds for surfaces.
We remark that in Theorem 1.6, −KX is not assumed to be big over Z.
Birkar proved the existence of (δ, n)-complements of (X/Z ∋ z,B) for some
δ ≤ ǫ depending only on ǫ,Γ in Theorem 1.6 when p = 1, ǫ is a positive
real number, Γ is the standard set and conditions (2) and (3) are replaced
by stronger conditions (2)’ and (4)’ in Remark 1.2. Conjecture 1.1 is still
widely open when ǫ > 0 and dimX ≥ 3, and just a few special cases are
known. Kawatika proved Conjecture 1.1 for the case when dimX = 3,
Γ = {0}, ǫ = 1, X = Z, z is a closed point, and mld(X ∋ z,B) = 1 [Kaw15].
When dimZ = 0 and X is of Fano type over Z, one could prove Conjecture
1.1 by Birkar-Borisov-Alexeev-Borisov Theorem and by using Diophantine
approximation techniques for complements developed in [HLS19], see [FM18,
Theorem 1.3] for the case when Γ¯ ⊆ Q.
Without condition (3) on the boundedness of multiple fibers, that is
Shokurov’s conjecture on the boundedness of ǫ-complements under condition
(c′) in [Sho04a], Theorem 1.6 no longer holds if ǫ > 0 even when dimZ = 0,
see Example 1.7 below.
Example 1.7. Let fm : Xm → P1 be a relatively minimal rational elliptic
surface with only one multiple fiber Em of multiplicity m ≥ 2 ([Fuj90,
Proposition 1.1]). The canonical bundle formula of Kodaria [Kod60,Kod63]
implies that
KXm +
1
km
k∑
i=1
Fm,i ∼ f
∗
mOP1(−1) + (m− 1)Em +
1
km
k∑
i=1
Fm,i ∼R 0,
where Fm,i are general fibers of fm. Thus (Xm, 0) is (ǫ,R)-complementary
for any 0 ≤ ǫ < 1. However, (Xm, 0) is not (ǫ, n)-complementary for any
n < m and 0 < ǫ < 1.
When ǫ = 0 and Γ¯ ⊆ Q, there are two cases in the proof of the existence
of log canonical complements [PS01,PS09,Bir19], that is 1) non-exceptional
pairs, and 2) exceptional pairs. For non-exceptional pairs, the strategy is to
construct lc centers, apply the induction on lc centers, and lift complements
from lc centers by using Kawamata–Viehweg vanishing theorem. However
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when ǫ > 0, it is possible that there is no lc center, and when Γ¯ contains
some irrational numbers, there are some technique difficulties on lifting
complements. Instead of applying the induction and lifting complements, we
construct some “good” birational model, show the existence of decomposed
(ǫ,R)-complements for surfaces (Theorem 2.1) and the existence of uniform
rational polytopes for linearity of minimal log discrepancies for surface germs
(Theorem 2.2). It is expected that both Theorem 2.1 and Theorem 2.2
should hold in higher dimensions, and will be used in the proof of Conjecture
1.1. When ǫ is an irrational number, we need to overcome another difficulty.
In this case, if mld(X/Z ∋ z,B) = ǫ, then mld(X/Z ∋ z,B+) is always
strictly larger than mld(X/Z ∋ z,B) as nmld(X/Z ∋ z,B+) ≥ ⌈nǫ⌉. Such
a phenomenon will never happen when either ǫ = 0 or Γ ⊆ Q, and thus it
is out of the scope of conjectures proposed in [Sho04a], [Bir04, Conjecture
1.3, Conjecture 1.4]. Here we need to modify Diophantine approximation
techniques for complements developed in [HLS19]. The other difficulty
causes from that X is not necessarily of Fano type over Z and it is not
always the case that we may run a D-MMP for any R-Cartier divisor D. In
this paper, we will use [Fuj12] to run MMPs for non-lc pairs.
As an easy corollary of Theorem 1.6, if the number of components of B
is bounded from above, then we may show the boundedness of complements
without assuming Γ is a DCC set.
Corollary 1.8. Let ǫ be a non-negative real number and p, s,M positive
integers. Then there exists a positive integer N depending only on ǫ, p, s
and M satisfying the following.
Assume that (X/Z ∋ z,B) is a surface pair such that
(1) the number of components of B is at most s,
(2) (X/Z ∋ z,B) is (ǫ,R)-complementary, and
(3) either ǫ = 0 or the multiplicity of any fiber of any minimal elliptic
fibration of the minimal resolution of X over Z is bounded from
above by M .
Then (X/Z ∋ z,B) is (ǫ, n)-complementary for some positive integer n
satisfying n ≤ N and p|n.
As we mentioned before, it is expected that Conjecture 1.1 should hold
in a more general setting, that is, −KX is not necessarily big over Z and Γ
is not necessarily a DCC set. In dimension one, Birkar [Bir04, Theorem 3.1]
showed (X/Z ∋ z,B) is ( 1
m+1 , n)-complementary if
1
m+1 < ǫ ≤
1
m
for some
positive integer m. In fact we can show the following stronger result.
Theorem 1.9. Let ǫ be a non-negative real number and p a positive integer.
Then there exists a positive integer N depending only on ǫ and p satisfying
the following.
If dimX = 1 and (X/Z ∋ z,B) is (ǫ,R)-complementary, then (X/Z ∋
z,B) is (ǫ, n)-complementary for some positive integer n satisfying n ≤ N
and p|n.
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Structure of the paper. We outline the organization of the paper. In
Section 2, we give a sketch of the proofs of our main theorems. In Section 3,
we introduce some notation and tools which will be used in this paper, and
prove certain basic results. In Section 4, we prove Theorem 2.2. In Section 5,
we prove Theorem 2.1. In Section 6, we prove Theorem 1.6, Corollary 1.8 and
Theorem 1.9. In Section 7, we will show some applications of Conjecture 1.1
and give a list of open problems. In Appendix A, we collect some known or
folklore results for surfaces. In Appendix B, we show Nakamura’s conjecture
[MN18, Conjecture 1.1] holds for surface pairs with DCC coefficients.
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2. Sketch of the proof of Theorem 1.6
For simplicity, we assume that X is of Fano type over Z, that is, there
is a boundary ∆ such that (X,∆) is a klt pair and −(KX + ∆) is ample
over Z. In this case, we may run a D-MMP for any R-Cartier divisor D.
By lower semi-continuity for relative minimal log discrepancies mld(X/Z ∋
z,B) for surfaces (Proposition 5.25), we may assume that z is a closed point
(Proposition 5.26).
The next step in the proof of Theorem 1.6 is similar to [HLS19]. Since
the ACC for a-log canonical thresholds is known for surfaces, by using the
same arguments as in [HLS19], it suffices to show the case when Γ ⊆ [0, 1]
is a finite set, see Theorem 5.8.
Then we want to reduce Theorem 1.6 to the case when Γ ⊆ [0, 1] ∩Q. If
ǫ is a rational number, then by using ideas in [HLS19], it is possible to show
the existence of rational (ǫ,R)-complementary polytopes. Thus by using
Diophantine approximation [HLS19], we may assume that Γ ⊆ [0, 1] ∩ Q.
When ǫ is irrational, the rational (ǫ,R)-complementary polytopes may not
exist any more, even for the global case, that is, dimZ = 0. For example,
suppose that X = P1 × P1, c ∈ (0, 1) is an irrational number, ǫ = 1 − c,
Γ = {0, c}. Then mld(X, cP1) = 1− c, and mld(X, c′P1) = 1− c′ < 1− c for
any 1 > c′ > c. This is one of the main difficulties for us to generalize the
method in [HLS19] to our setting.
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As one of main ingredients in the proof of Theorem 1.6, we will show the
following theorem on the existence of decomposed (ǫ,R)-complements for
surfaces.
Theorem 2.1. Let ǫ be a non-negative real number and Γ ⊆ [0, 1] a DCC
set. Then there exist finite sets Γ1 ⊆ (0, 1],Γ2 ⊆ [0, 1] ∩ Q and M ⊆ Q≥0
depending only on Γ and ǫ satisfying the following.
Assume that (X/Z ∋ z,B) is a surface pair such that
• B ∈ Γ, and
• (X/Z ∋ z,B) is (ǫ,R)-complementary.
Then there exist ai ∈ Γ1, B
i ∈ Γ2 and ǫi ∈ M with the following properties:
(1)
∑
ai = 1,
(2)
∑
aiǫi ≥ ǫ,
(3)
∑
ai(KX +B
i) ≥ KX +B,
(4) (X/Z ∋ z,Bi) is (ǫi,R)-complementary for any i, and
(5) if ǫ ∈ Q, then ǫ = ǫi for any i, and if ǫ 6= 1, then ǫi 6= 1 for any i.
Note that we don’t require −KX to be big over Z in Theorem 2.1.
Theorem 2.1 is conjectured to hold in higher dimensions (Problem 7.7).
Although Theorem 2.1 and Problem 7.7 seem to be technical, we expect
that Problem 7.7 should be useful in birational geometry. Indeed Problem
7.7 implies the Global ACC and the ACC for a-log canonical thresholds, see
Proposition 7.10.
When Z = X and z ∈ X is a closed point, Theorem 2.1 is an easy corollary
of the existence of uniform rational polytopes for linearity of minimal log
discrepancies for surface germs.
Theorem 2.2. Let ǫ be a positive real number, m a positive integer and v =
(v01 , . . . , v
0
m) ∈ R
m a point. Then there exist a rational polytope v ∈ P ⊆ Rm
with vertices vj = (v
j
1, . . . , v
j
m), positive real numbers aj and positive rational
numbers ǫj depending only on ǫ,m and v satisfying the following.
(1)
∑
aj = 1,
∑
ajvj = v and
∑
ajǫj ≥ ǫ.
(2) Assume that (X ∋ x,
∑m
i=1 v
0
iBi) is a surface germ which is ǫ-lc at
x, where B1, . . . , Bm ≥ 0 are Weil divisors on X. Then the function
P → R defined by
(v1, . . . , vm) 7→ mld(X ∋ x,
m∑
i=1
viBi)
is a linear function, and
mld(X ∋ x,
m∑
i=1
vjiBi) ≥ ǫj
for any j.
Moreover, if ǫ ∈ Q, then we may pick ǫj = ǫ for any j.
8 G.Chen and J.Han
We also expect that Theorem 2.2 should hold in higher dimensions, see
Problem 7.12.
Theorem 2.2 follows from the classification of surface singularities. In
order to prove Theorem 2.2, we need to generalize Alexeev’s result on
minimal log discrepancies for surfaces [Ale93] to linear functional divisors,
we also need to prove a generalization of Nakamura’s conjecture for surfaces,
that is, when the coefficients belong to either a finite set of linear functions
or a DCC set.
For the general case, Theorem 2.1 does not follow from Theorem 2.2
directly since being ǫj-lc over z does not imply that (X/Z ∋ z,
∑m
i=1 v
j
iBi)
itself is (ǫj ,R)-complementary.
The idea to prove Theorem 2.1 is to construct a birational model (Xˆ, Bˆ)
of (X,B) by using the minimal model program, such that fˆ : Xˆ → X
is a contraction, −(K
Xˆ
+ Bˆ) is semiample over Z, the coefficients of Bˆ
belong to a finite set Γˆ, the PLDs of (Xˆ, Bˆ) belong to a finite set, and
fˆ∗(KX +B) ≤ KXˆ + Bˆ. Thus we may replace (X,B) by (Xˆ, Bˆ), and Γ by
Γˆ. Indeed we will show that we may take Xˆ to be the minimal resolution
of X, see Theorem 5.15. Here we use some ideas from [Bir04]. Now since
−(KX +B) is semiample over Z and the PLDs of (X,B) belong to a finite
set, we may finish the proof of Theorem 2.1, see Lemma 5.19.
Since X is of Fano type over Z, we may additionally assume that
−N(KX +
∑m
i=1 v
j
iBi) is base point free for some positive integer N
which only depends on ǫ and Γ. Hence (X/Z ∋ z,
∑m
i=1 v
j
iBi) is (ǫj, N)-
complementary. Our final step is to show that
KX +B
′ :=
∑
j
a′j(KX +
m∑
i=1
vjiBi)
is (ǫ, n)-complementary for some positive rational numbers a′j and positive
integer n which only depend on Γ and ǫ, and any (ǫ, n)-complement of
(X/Z ∋ z,B′) is also an (ǫ, n)-complement of (X/Z ∋ z,B) by Diophantine
approximation, see Lemma 6.2 and Lemma 6.4. Thus we finish the proof of
Theorem 1.6. For this step, we use ideas from [HLS19].
3. Preliminaries
3.1. Pairs and singularities. We adopt the standard notation and defini-
tions in [KM98] and [BCHM10], and will freely use them.
Definition 3.1. We say π : X → Z is a contraction if X and Z are normal
quasi-projective varieties, π is a projective morphism, and π∗OX = OZ (π
is not necessarily birational).
Definition 3.2. A sub-pair (X/Z ∋ z,B) consists of normal quasi-
projective varieties X,Z, a contraction π : X → Z, a point z ∈ Z, and
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an R-divisor B on X with coefficients in (−∞, 1] such that KX + B is R-
Cartier and dim z < dimX. A sub-pair (X/Z ∋ z,B) is called a pair if
B ≥ 0. We say that a pair (X/Z ∋ z,B) is a germ (near z), if z is a closed
point. When Z = X and π is the identity map, we will omit Z, let x = z,
and say (X ∋ x,B) is a pair. When dimZ = dim z = 0, we will omit both Z
and z, and say (X,B) is a pair, in this case, our definition of pairs coincides
with the usual definition of pairs [BCHM10].
Let E be a prime divisor on X, B :=
∑
biBi an R-divisor on X, where
Bi are distinct prime divisors. We define multE B to be the multiplicity
of E along B, ⌊B⌋ :=
∑
⌊bi⌋Bi, {B} :=
∑
{bi}Bi, ||B|| := maxi{|bi|},
multE B :=
∑
bimultE Bi and multE SuppB :=
∑
multE Bi. For any point
v = (v1, . . . , vm) ∈ Rm, we define ||v||∞ := max1≤i≤m{|vi|}.
Let φ : W → X be any log resolution of (X,B) and write KW + BW :=
φ∗(KX + B). The log discrepancy of a prime divisor D on W with respect
to (X,B) is 1−multD BW and denoted by a(D,X,B).
Assume that (X/Z ∋ z,B) is a pair, let
e(z) := {E | E is a prime divisor over X,π(centerX(E)) = z¯}.
We define
mld(X/Z ∋ z,B) := inf
E∈e(z)
{a(E,X,B)}.
By Lemma 3.5, the infimum can be replaced by the minimum.
We say that (X/Z ∋ z,B) is ǫ-lc (respectively klt, lc) over z for some non-
negative real number ǫ if mld(X/Z ∋ z,B) ≥ ǫ (respectively > 0,≥ 0). In
particular, when dimZ = dim z = 0 the definition of singularities coincides
with the usual definition. For simplicity, when X = Z, and π is the identity
map, we let x = z, and use mld(X ∋ x,B) instead of mld(X/Z ∋ z,B).
In this case, we will say that (X ∋ x,B) is ǫ-lc (respectively klt, lc) at x
instead of (X ∋ x,B) is ǫ-lc (respectively klt, lc) over x.
It is well-known that if (X/Z ∋ z,B) is lc over z, then (X,B) is lc near
π−1(z).
The following lemma is well-known to experts (c.f. [Sho04b, Example 1]).
For the reader’s convenience, we give a proof here.
Lemma 3.3. Suppose that (X ∋ x,B) is a log smooth sub-pair. Then
mld(X ∋ x,B) = codim x−multxB.
Proof. If codim x = 1, then mld(X ∋ x,B) = a(x¯,X,B) = codim x −
multxB. If codim x > 1, then by [KM98, Lemma 2.45], there exists a
sequence of blow-ups:
Xn → · · · → X1 → X0 =: X,
such that
(1) fi : Xi → Xi−1 is the blow-up of ¯xi−1 ⊆ Xi−1 with the exceptional
divisor Ei for any 1 ≤ i ≤ n, where x0 := x,
(2) xi ∈ Ei for any 1 ≤ i ≤ n− 1, and
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(3) a(Ei,X,B) > a(En,X,B) = mld(X ∋ x,B) for any 1 ≤ i ≤ n− 1.
We may write
KXi + B˜Xi := KXi +BXi + (1− ai)Ei = f
∗
i (KXi−1 +
˜BXi−1),
where ai := a(Ei,X,B), BXi is the strict transform of
˜BXi−1 for any 1 ≤
i ≤ n and ˜BX0 := B. We will show by induction on k that ak ≥ a1
for any 1 ≤ k ≤ n and hence we conclude that mld(X ∋ x,B) = a1 =
codim x −multxB. Assume that for some 1 ≤ k0 ≤ n − 1, ai ≥ a1 for any
1 ≤ i ≤ k0. By induction, we have
ak0+1 = codim xk0 −multxk0
˜BXk0
= codim xk0 −multxk0 BXk0 − (1− ak0)
≥ ak0 ≥ a1.
The first inequality holds since (Xk0 , BXk0 + (1 − ak0)Ek0) is a log smooth
sub-pair and xk0 ∈ Ek0 . We finish the induction. 
Definition 3.4. A minimal log discrepancy place or mld place of a pair
(X/Z ∋ z,B) is a divisor E ∈ e(z) with mld(X/Z ∋ z,B) = a(E,X,B), and
a minimal log discrepancy center or mld center is the image of a mld place.
Lemma 3.5. Suppose that (X/Z ∋ z,B) is lc over z. Then there exists a
prime divisor E ∈ e(z) such that mld(X/Z ∋ z,B) = a(E,X,B).
Proof. Let f : Y → X be a log resolution of (X,B), and we may write
KY +BY := f
∗(KX +B). Shrinking Z near z, we may assume that (Y,BY )
is a log smooth sub-pair. Let µ := π ◦ f , where π is the morphism X → Z.
Now
mld(X/Z ∋ z,B) = inf
E∈e(z)
{a(E,X,B)} = inf
y∈µ−1(z)
{mld(Y ∋ y,BY )}
which belongs to the finite set {codim y−multy BY | y ∈ µ
−1(z)} by Lemma
3.3. Hence there exist a point y ∈ π−1(z) and a prime divisor E ∈ e(z) such
that mld(X/Z ∋ z,B) = mld(Y ∋ y,BY ) = a(E,X,B). 
Lemma 3.6. Suppose that (X/Z ∋ z,B) is lc over z, and either
(1) dimZ > dim z, or
(2) dimZ = dim z, and mld(X/Z ∋ z,B) < 1.
Then (X/Z ∋ z,B) has only finitely many mld centers.
Proof. Let f : Y → X be a log resolution of (X,B), and we may write
KY +BY := KY +
∑
i∈I
(1− ai)Bi = f
∗(KX +B),
where ai := a(Bi,X,B) for any i ∈ I. Let µ := π ◦ f , where π is the
morphsim X → Z. Shrinking Z near z, we may assume that ai ≥ 0 for any
i ∈ I.
Boundedness of (ǫ, n)-Complements for Surfaces 11
We claim that the set
S := {y | mld(Y ∋ y,BY ) = mld(X/Z ∋ z,B), y ∈ µ
−1(z)}
is finite. Assume that the claim holds. Then S ′ := {f(y¯) | y ∈ S} is a finite
set. We will show that S ′ is the set of mld centers of (X/Z ∋ z,B). Pick
any mld place E ∈ e(z), let y′ be the generic point of centerY (E). Then
y′ ∈ µ−1(z) and mld(X/Z ∋ z,B) = a(E,X,B) = a(E,Y,BY ) ≥ mld(Y ∋
y′, BY ) ≥ mld(X/Z ∋ z,B). Hence mld(X/Z ∋ z,B) = mld(Y ∋ y′, BY )
and y′ ∈ S . Thus centerX(E) ∈ S
′.
It suffices to show the claim. Let I(y) := {i ∈ I | y ∈ Bi} and |I(y)|
the cardinality of I(y). It is enough to show that |I(y)| = codim y for any
y ∈ S, since then y would be the generic point of a connected component of
∩i∈JBi for some non-empty subset J ⊆ I, and the total number of subsets
of I is finite.
Suppose that dimZ = dim z and mld(X/Z ∋ z,B) < 1. By Lemma 3.3,
mld(X/Z ∋ z,B) = mld(Y ∋ y,BY ) = codim y −
∑
i∈I(y)
(1− ai)
= codim y − |I(y)|+
∑
i∈I(y)
ai < 1,
which implies that codim y = |I(y)| and we are done.
If dimZ > dim z, then possibly replacing Y by a higher model and
shrinking Z near z, we may assume that µ−1(z¯) = ∪i∈IzBi for some non-
empty subset Iz ⊆ I and µ(Bi) = z¯ for any i ∈ Iz. Hence Iz ∩ I(y) 6= ∅,
and by Lemma 3.3,
mld(X/Z ∋ z,B) = mld(Y ∋ y,BY ) = codim y −
∑
i∈I(y)
(1− ai)
= codim y − |I(y)|+
∑
i∈I(y)
ai ≥
∑
i∈I(y)∩Iz
ai ≥ mld(X/Z ∋ z,B),
which implies that codim y = |I(y)| and we are done. 
Remark 3.7. If dimZ = 0, X = P1 and B = 0, then any closed point of
X is an mld center of (X,B), thus there are infinitely many mld centers.
3.2. Arithmetic of sets.
Definition 3.8. Let Γ ⊆ [0, 1] be a set of real numbers, we define |Γ| to be
the cardinality of Γ, limΓ to be the set of accumulation points of Γ, and
∑
Γ := {0} ∪ {
l∑
p=1
ip | ip ∈ Γ for 1 ≤ p ≤ l, l ∈ Z>0},
Γ+ := {0} ∪ {
l∑
p=1
ip ≤ 1 | ip ∈ Γ for 1 ≤ p ≤ l, l ∈ Z>0},
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D(Γ) := {a ≤ 1 | a =
m− 1 + f
m
,m ∈ Z>0, f ∈ Γ+}.
Definition 3.9 (DCC and ACC sets). We say that Γ ⊆ R satisfies the
descending chain condition (DCC) if any decreasing sequence a1 ≥ a2 ≥ · · ·
in Γ stabilizes. We say that Γ satisfies the ascending chain condition (ACC)
if any increasing sequence in Γ stabilizes.
We need the following well-known lemma.
Lemma 3.10 ([HMX14, Proposition 3.4.1]). Let Γ ⊆ [0, 1], we have
D(D(Γ)) = D(Γ) ∪ {1}.
3.3. Complements.
Definition 3.11. We say that (X/Z ∋ z,B+) is an R-complement of
(X/Z ∋ z,B) if we have B+ ≥ B, (X/Z ∋ z,B+) is lc over z, and
KX +B
+ ∼R 0 over some neighborhood of z. In addition, if (X/Z ∋ z,B
+)
is ǫ-lc over z, we say that (X/Z ∋ z,B+) is an (ǫ,R)-complement of
(X/Z ∋ z,B).
Let n be a positive integer. An n-complement of (X/Z ∋ z,B) is a pair
(X/Z ∋ z,B+), such that over some neighborhood of z, we have
(1) (X,B+) is lc,
(2) n(KX +B
+) ∼ 0, and
(3) nB+ ≥ n⌊B⌋+ ⌊(n+ 1){B}⌋.
We say that (X/Z ∋ z,B+) is a monotonic n-complement of (X/Z ∋ z,B)
if we additionally have B+ ≥ B. We say that (X/Z ∋ z,B+) is an (ǫ, n)-
complement of (X/Z ∋ z,B) if (X/Z ∋ z,B+) is ǫ-lc over z.
We say that (X/Z ∋ z,B) is (ǫ, n)-complementary (respectively (ǫ,R)-
complementary) if there exists an (ǫ, n)-complement (respectively (ǫ,R)-
complement) (X/Z ∋ z,B+) of (X/Z ∋ z,B).
Lemma 3.12. Let ǫ be a non-negative real number. Suppose that (X/Z ∋
z,B) is ǫ-lc over z, −(KX +B) is semiample over Z, and either
(1) dimZ > dim z, or
(2) dimZ = dim z, and ǫ < 1.
Then there exists an R-Cartier divisor G ≥ 0 such that (X/Z ∋ z,B + G)
is an (ǫ,R)-complement of (X/Z ∋ z,B) and ⌊B +G⌋ = ⌊B⌋.
Proof. The result follows from Lemma 3.6. 
The following lemma is well-known to experts. We will use the lemma
frequently without citing it in this paper.
Lemma 3.13. Let ǫ be a non-negative real number and (X/Z ∋ z,B) a
pair. Assume that f : X 99K X ′ is a birational contraction and B′ is the
strict transform of B on X ′.
(1) If (X/Z ∋ z,B) is (ǫ,R)-complementary, then (X ′/Z ∋ z,B′) is
(ǫ,R)-complementary.
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(2) If f is −(KX + B)-non-positive and (X
′/Z ∋ z,B′) is (ǫ,R)-
complementary, then (X/Z ∋ z,B) is (ǫ,R)-complementary.
Proof. Let p : W → X and q : W → X ′ be a common resolution of f.
(1) Let (X/Z ∋ z,B + G) be an (ǫ,R)-complement of (X/Z ∋ z,B) and
G′ the strict transform of G on X ′. We claim that (X ′/Z ∋ z,B′ + G′) is
an (ǫ,R)-complement of (X ′/Z ∋ z,B′). It suffices to show that (X ′/Z ∋
z,B′ + G′) is ǫ-lc over z. By the negativity lemma, p∗(KX + B + G) =
q∗(KX′ + B
′ + G′) over a neighborhood of z. Hence for any E ∈ e(z),
a(E,X ′, B′ + G′) = a(E,X,B + G) ≥ ǫ, that is, (X ′/Z ∋ z,B′ + G′) is
ǫ-lc over z.
(2) Let (X ′/Z ∋ z,B′ +G′) be an (ǫ,R)-complement of (X ′/Z ∋ z,B′). We
have
q∗(KX′ +B
′ +G′) ≥ q∗(KX′ +B
′) ≥ p∗(KX +B).
Let KX +B +G := p∗q
∗(KX′ +B
′ +G′). We claim that (X/Z ∋ z,B +G)
is an (ǫ,R)-complement of (X/Z ∋ z,B). It suffices to show that (X/Z ∋
z,B + G) is ǫ-lc over z. By the negativity lemma, p∗(KX + B + G) =
q∗(KX′ + B
′ + G′) over a neighborhood of z. Hence for any E ∈ e(z),
a(E,X,B + G) = a(E,X ′, B′ + G′) ≥ ǫ, that is, (X/Z ∋ z,B + G) is
ǫ-lc over z. 
4. Uniform rational polytopes for linearity of MLDs
The main goal of this section is to show Theorem 2.2.
4.1. PLDs and MLDs in dimension two. We say that (X ∋ x,B) is an
lc surface germ if (X ∋ x,B) is a surface germ which is lc at x.
Definition 4.1. Let (X ∋ x,B :=
∑
biBi) be an lc surface germ, f : Y → X
the minimal resolution of X, and we may write
KY +BY +
∑
i∈I
(1− ai)Ei = f
∗(KX +B)
where BY is the strict transform of B, Ei are f -exceptional divisors and
ai := a(Ei,X,B). The partial log discrepancy pld(X ∋ x,B) of (X ∋ x,B)
is defined as follows. If x is a singular point, we define
pld(X ∋ x,B) := min
i∈I
{ai}.
If x is a smooth point, we set pld(X ∋ x,B) = +∞. For convenience, we
may omit x.
We define the dual graph of the minimal resolution of X as the extended
dual graph of ∪Ei by adding BY,i [KM98, Chapter 4], where BY,i are the
strict transforms of Bi.
In this paper, when we talk about the partial log discrepancy of a surface
germ (X ∋ x,B), we always assume that (X ∋ x,B) is lc.
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The following lemma is well-known to experts. For the reader’s conve-
nience, we include the proof here.
Lemma 4.2. Let (X,B) be an lc surface pair, f : Y → X a proper birational
morphism from a smooth surface with exceptional divisors Ei (i ∈ I) and
BY the strict transform of B. Assume that the dual graph DG of f is a tree
and 0 ≤ ai := a(Ei,X,B) ≤ 1 for any i ∈ I. Let vi be the vertex corresponds
to the exceptional curve Ei, and wi := −(Ei ·Ei) for any i ∈ I.
(1) If ak ≥ ǫ for some positive real number ǫ and positive integer k, then
wk ≤ ⌊
2
ǫ
⌋.
(2) If wk ≥ 2 for some positive integer k, then 1 − ak ≥
1−ak′
2 for any
vertex vk′ which is adjacent to vk, and 2ak ≤ ak1 + ak2 for any two
vertices vk1 and vk2 (k1 < k2) which are adjacent to vk.
(3) If vk0 is a fork, vk1 , vk2 and vk3 are adjacent to vk0 , and wki ≥ 2
for any 0 ≤ i ≤ 2, then ak0 ≤ ak3 . If the equality holds, then wk0 =
wk1 = wk2 = 2 and BY · Ek0 = BY ·Ek1 = BY ·Ek2 = 0.
(4) If wk = 1, wi ≥ 2 for any i 6= k, ak < mini 6=k{ai} and vk is not a
fork, then DG is a chain.
(5) If v0, v1, . . . , vn are vertices such that vi is adjacent to vi+1 for any
0 ≤ i ≤ n − 1, wi ≥ 2 for any 2 ≤ i ≤ n − 1, w1 ≥ 3, a1 ≥ a0 and
a1 ≥ ǫ for some ǫ > 0, then n ≤ ⌊
1
ǫ
⌋.
Proof. Since 0 ≤ ai ≤ 1 for any i ∈ I, we have
0 = (KY +BY +
∑
i∈I
(1− ai)Ei) · Ek(4.1)
≥ −2 + wkak +
∑
Ei·Ek≥1
(1− ai) +BY ·Ek.
(1) By (4.1), 0 ≥ −2 + wkak, and wk ≤
2
ak
≤ 2
ǫ
.
(2) By (4.1), 0 ≥ −2 + 2ak + 1− ak′ and 0 ≥ −2 + 2ak + 1− ak1 + 1− ak2 .
Thus 1− ak ≥
1−ak′
2 , and 2ak ≤ ak1 + ak2 .
(3) By (2), we have 1 − aki ≥
1−ak0
2 for i = 1, 2, and if the equalities hold,
then BY ·Ek1 = BY ·Ek2 = 0. In particular, 1−ak1 +1−ak2 ≥ 1−ak0 , and
ak1 + ak2 ≤ ak0 + 1. Moreover, by (4.1),
ak3 ≥ 1 + 2ak0 − ak1 − ak2 + (wk − 2)ak +BY ·Ek0
≥ 1 + 2ak0 − ak1 − ak2 ≥ ak0 ,
and if ak3 = ak0 , then wk0 = wk1 = wk2 = 2, and BY · Ek0 = BY · Ek1 =
BY · Ek2 = 0.
(4) Suppose that the statement does not hold. We may find a sequence
of vertices vm0 , . . . , vml := vk such that vm0 is a fork and vmi is adjacent
to vmi+1 for any 0 ≤ i ≤ l − 1. By (3), we have am0 ≤ am1 . By (2),
am0 ≤ am1 ≤ · · · ≤ aml = ak < mini 6=k{ai}, a contradiction.
(5) We may assume that n ≥ 2. By (4.1), 0 ≥ −2 +w1a1 + 1− a0 + 1− a2.
Thus a2 − a1 ≥ (a1 − a0) + (w1 − 2)a1 ≥ ǫ. By (2), ai+1 − ai ≥ ǫ for any
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1 ≤ i ≤ n − 1 and hence ai ≥ iǫ for any 1 ≤ i ≤ n. Thus 1 ≥ an ≥ nǫ and
n ≤ ⌊1
ǫ
⌋. 
Lemma 4.3. Suppose that (X ∋ x,B) is an lc surface germ and X is
smooth. Then there exists a sequence of blow-ups:
Xn → Xn−1 → · · · → X1 → X0 := X
with the following properties.
(1) fi : Xi → Xi−1 is the blow-up of Xi−1 at a point xi−1 ∈ Xi−1 with
the exceptional divisor Ei for any 1 ≤ i ≤ n, where x0 := x.
(2) xi ∈ Ei for any 1 ≤ i ≤ n− 1.
(3) a(Ei,X,B) > a(En,X,B) = mld(X ∋ x,B) for any 1 ≤ i ≤ n− 1.
(4) If a(E1,X,B) ≥ 1, then mld(X ∋ x,B) = a(E1,X,B).
(5) If mld(X ∋ x,B) < 1, then 0 ≤ a(Ei,X,B) < 1 for any 1 ≤ i ≤ n.
Proof. The existence of such a sequence of blow-ups with properties (1)–(3)
follows from [KM98, Lemma 2.45]. It suffices to show (4) and (5). For
convenience, we denote the strict transform of Ei on Xj by Ei for any
n ≥ j ≥ i. Let BXi be the strict transform of B on Xi, ai := a(Ei,X,B)
and ei := 1 − ai for any 1 ≤ i ≤ n. Since
∑
Ei is snc, there exists at most
one i′ 6= i, such that xi ∈ Ei′ on Xi. If xi ∈ Ei′ for some i
′ 6= i, then we
set ci = ei′ , otherwise we let ci = 0. Let e0 = c0 = 0, it is obvious that
ci+1 ∈ {ei, ci, 0} for i ≥ 1.
If a1 ≥ 1 then e1 = −1 + multxB = 1 − a1 ≤ 0. We will show by
induction on k that ek ≤ e1 for any k ≥ 1. Assume that for some n −
1 ≥ k0 ≥ 1, ej ≤ e1 for any 1 ≤ j ≤ k0. Then by induction, we have
ck0 ≤ max{ek0−1, ck0−1, 0} ≤ 0, and
ek0+1 = −1 + multxk0 BXk0 + ek0 + ck0 ≤ −1 + multxB + ek0 ≤ e1.
We finish the induction. Hence en ≤ e1 and an ≥ a1. Thus an = a1, n = 1,
and mld(X ∋ x,B) = a(E1,X,B). This proves (4).
We now show (5). If mld(X ∋ x,B) < 1, then a1 < 1 and e1 > 0 by (4).
It suffices to show that ei > 0 for any n ≥ i ≥ 2. Suppose that there exists
i ≥ 2, such that ei ≤ 0 and ej > 0 for any 1 ≤ j < i. Then
ei = −1 + multxi−1 BXi−1 + ei−1 + ci−1 ≤ 0,
ci−1 ≥ min{ei−2, ci−2, 0} ≥ 0 and ei−1 > 0. We will show by induction on k
that ek ≤ 0 and ck−1 ≤ max{ci−1, ei−1} for any n ≥ k ≥ i. Assume that for
some n− 1 ≥ k0 ≥ i, ej ≤ 0 and cj−1 ≤ max{ci−1, ei−1} for any i ≤ j ≤ k0.
Then ck0 ≤ max{ek0−1, ck0−1, 0} ≤ max{ci−1, ei−1}, and
ek0+1 = −1 + multxk0 BXk0 + ek0 + ck0
≤ −1 + multxi−1 BXi−1 +max{ci−1, ei−1} ≤ 0.
We finish the induction, and en = 1−mld(X ∋ x,B) ≤ 0, a contradiction.

16 G.Chen and J.Han
Notation (⋆). Fix a positive real number ǫ and a DCC set 1 ∈ Γ ⊆ [0, 1].
Let ǫ0 := infb∈Γ{b > 0} > 0. We define
Pld(Γ) := {pld(X ∋ x,B) | (X ∋ x,B) is an lc surface germ, B ∈ Γ},
I0 := {
l1
l2
| l1 ∈ Z≥0, l2 ∈ Z>0, l1, l2 ≤ ⌊
2
min{ǫ, ǫ0}
⌋⌊
2
ǫ
⌋},
L(ǫ,Γ) := {
1−
∑
libi
l
≥ ǫ | l ∈ Z>0, li ∈ Z≥0, bi ∈ Γ},
P(ǫ,Γ) := {
(A+ p1)β1 + p2β2
A+ p1 + p2
≥ ǫ | A ∈ Z>0, p1, p2 ∈ I0,
β1, β2 ∈ L(ǫ,Γ), β2 ≥ β1}.
For any positive integer N, we define
F(N, ǫ,Γ) := {
l0 −
∑
libi
l
≥ ǫ | l ∈ Z>0, li ∈ Z≥0, l0 ≤ N, bi ∈ Γ}.
Note that by Lemma A.1, for any lc surface germ (X ∋ x,B) such that
pld(X,B) ≥ ǫ,B ∈ Γ, and the dual graphDG{DG
(m1,q1),u1
ch ,DG
2A
ch ,DG
(m2,q2),u2
ch }
∈ Cǫ,Γ ∪ Tǫ,Γ, then pld(X,B) ∈ P(ǫ,Γ), since
mi
mi−qi
, qi
mi−qi
∈ I0,
αi
mi−qi
∈
L(ǫ,Γ) (i = 1, 2). Moreover, we have the following result.
Lemma 4.4. With notation (⋆). Then there is a positive integer N0
depending only on ǫ and Γ such that
Pld(Γ) ∩ [ǫ,+∞) ⊆ F(N0, ǫ,Γ) ∪ P(ǫ,Γ).
Moreover, if Γ is a finite set, then limPld(Γ) ⊆ {1−b
+
l
| b+ ∈ Γ+, l ∈ Z>0}.
Proof. If ǫ > 1, then Pld(Γ) ∩ [ǫ,+∞) = ∅. We may let N0 = 1.
Suppose that ǫ ≤ 1. Let N1 be the number defined in Lemma A.1
depending only on ǫ and Γ, that is, if the dual graph DG of the minimal
resolution of X has at least N1 vertices then DG ∈ Cǫ,Γ ∪ Tǫ,Γ. Let N0 be
the number defined in Lemma A.4 depending only on N1 and ǫ. We will
show that N0 has the required properties.
Assume that (X ∋ x,B) is an lc surface germ such that B ∈ Γ and +∞ >
pld(X ∋ x,B) ≥ ǫ. Let DG be the dual graph of the minimal resolution of
X. If DG has at least N1 vertices, then pld(X ∋ x,B) ∈ P(ǫ,Γ) by Lemma
A.1. If DG has at most N1 − 1 vertices, then pld(X ∋ x,B) ∈ F(N0, ǫ,Γ)
by Lemma A.4. Hence N0 has the required properties.
If Γ is a finite set, then
(limPld(Γ)) ∩ [ǫ,+∞) ⊆ limF(N0, ǫ,Γ) ∪ limP(ǫ,Γ)
⊆ limP(ǫ,Γ) ⊆ {
1− b+
l
| b+ ∈ Γ+, l ∈ Z>0},
and
limPld(Γ) ⊆ {
1− b+
l
| b+ ∈ Γ+, l ∈ Z>0}
as F(N0, ǫ,Γ) is a finite set and 0 ∈ {
1−b+
l
| b+ ∈ Γ+, l ∈ Z>0}. 
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The following result is stated in the proof of [Ale93, Theorem 3.8] without
a proof. For the reader’s convenience, we give a proof here.
Lemma 4.5. Let ǫ be a positive real number. Then there exists a positive
integer N depending only on ǫ satisfying the following.
Assume that (X ∋ x,B) is an lc surface germ such that
(1) (X ∋ x,B) is ǫ-lc at x, and
(2) the dual graph of the minimal resolution of X has at least N + 1
vertices.
Then mld(X ∋ x,B) = pld(X ∋ x,B).
Proof. Let N0 := ⌊
1
ǫ
⌋, we will show that N := 2N0 has the required
properties.
Suppose on the contrary that there exists an lc surface germ (X ∋ x,B)
satisfying the conditions and mld(X ∋ x,B) < pld(X ∋ x,B) ≤ 1. Let
f : Y → X be the minimal resolution of X with exceptional divisors
E1, . . . , En0 , n0 ≥ N + 1. By Lemma 4.3, there exist a positive integer
n > n0 and a sequence of blow-ups
W := Yn−n0 → · · · → Y0 := Y
with the following properties.
• hi : Yi → Yi−1 is the blow-up of Yi−1 at a closed point yi−1 ∈ Yi−1
with the exceptional divisor En0+i for any 1 ≤ i ≤ n− n0.
• yi ∈ En0+i, for any 1 ≤ i ≤ n − n0 − 1, and y0 ∈ Em0 for some
1 ≤ m0 ≤ n0.
• There is only one (−1)-curve on Yi for any 1 ≤ i ≤ n− n0.
• a(En0+i,X,B) > a(En,X,B) = mld(X ∋ x,B) for any 1 ≤ i ≤
n− n0 − 1.
• a(En0+i,X,B) < 1 for any 1 ≤ i ≤ n− n0.
For convenience, we may denote the strict transform of Ei on Yj by Ei
for any 0 ≤ j ≤ n − n0 and any i ≤ j + n0. Let DG be the dual graph of
g = f ◦h1◦· · ·◦hn−n0 :W → X, vi the vertex corresponds to the exceptional
curve Ei, wi := −(Ei · Ei) for 1 ≤ i ≤ n and let w0 := 3, wn+1 := 3. Since∑n−1
i=1 Ei is snc, vn is not a fork. Thus by Lemma 4.2(4), DG is a chain.
Possibly reindexing {Ei}
n
i=1, we may assume that vi is adjacent to vi+1
for any 1 ≤ i ≤ n−1, mld(X ∋ x,B) = a(Em,X,B) for some 1 ≤ m ≤ n−1
and 2 = wm+1 ≤ wm−1. Let ai := a(Ei,X,B) ≥ ǫ for any 1 ≤ i ≤ n. By
Lemma 4.2(2), a1 > · · · > am and am < · · · < an .
We show that m ≤ N0+1 and wm−1 ≥ 3. We may assume that m ≥ 2. If
wm−1 = 2, then we can contract Em and get Yn−n0−1. There are two (−1)-
curves on Yn−n0−1 as wm−1 = wm+1 = 2, a contradiction. Hence wm−1 ≥ 3.
By Lemma 4.2(5), m ≤ N0 + 1.
Let l := min{k | wk ≥ 3, k > m}. By Lemma 4.2(5) again, n− l ≤ N0−1.
We contract (−1)-curves which correspond to vertices vm, vm+1, . . . , vl−1 one
by one, and get a smooth surface W ′. In particular, f ′ : W ′ → X factors
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through f and there are at most 2N0 f
′-exceptional divisors as m ≤ N0 +1
and n− l ≤ N0 − 1. Hence the dual graph of f has at most 2N0 vertices, a
contradiction. 
Let Γ ⊆ [0, 1] be a set of real numbers, we define
Mld(2,Γ) := {mld(X ∋ x,B) | (X ∋ x,B) is an lc surface germ, B ∈ Γ}.
Lemma 4.6. Let ǫ be a positive real number and Γ ⊆ [0, 1] a DCC set.
Then there is a positive integer N0 depending only on ǫ and Γ such that
Mld(2,Γ) ∩ [ǫ,+∞) ⊆ F(N0, ǫ,Γ) ∪ P(ǫ,Γ).
Proof. By Lemma A.1 and Lemma 4.5, there exists a positive integer N1
depending only on ǫ and Γ such that for any lc surface germ (X ∋ x,B)
satisfying B ∈ Γ,mld(X ∋ x,B) ≥ ǫ and the dual graph of the minimal
resolution of X has at least N1 vertices, then
mld(X ∋ x,B) = pld(X ∋ x,B) ∈ P(ǫ,Γ).
Let N2 be a positive integer satisfying the properties in Lemma A.4 and
Lemma 4.4 depending only on Γ, N1 and ǫ. Let N3 be the number defined
in Theorem B.1 depending only on Γ1, where Γ1 := Γ ∪ {1 − α ≥ 0 | α ∈
F(N2, ǫ,Γ)}.
We may find a positive integer N0 ≥ N2 depending only on N3, N2, ǫ
and Γ1 such that if α = l0 −
∑
libi ≥ ǫ for some bi ∈ Γ1 and non-negative
integers l0 ≤ N3, li, then α ∈ F(N0, ǫ,Γ). We will show that N0 has the
required properties.
Assume that (X ∋ x,B) is a surface germ such that B ∈ Γ and mld(X ∋
x,B) ≥ ǫ. Let f : Y → X be the minimal resolution of X, and DG the dual
graph of f. If DG has at least N1 vertices, then by our choice of N1,
mld(X ∋ x,B) = pld(X ∋ x,B) ∈ P(ǫ,Γ).
If DG has at most N1 − 1 vertices, then by Theorem A.4, BY ∈ Γ1, where
KY +BY := f
∗(KX + B). We may write BY :=
∑
bY,iBY,i, where BY,i are
distinct prime divisors and bY,i ∈ Γ1. By Theorem B.1,
mld(X ∋ x,B) = mld(Y ∋ y,BY ) = l0 −
∑
libY,i ≥ ǫ,
for some y ∈ Y and non-negative integers l0 ≤ N3, li. Hence mld(X ∋
x,B) ∈ F(N0, ǫ,Γ) by our choice of N0. 
4.2. Proof of Theorem 2.2. In this subsection, we show Theorem 2.2.
Notation (⋆⋆). Let ǫ be a positive real number, c,m two positive integers
and r0 = (r1, . . . , rc) ∈ Rc a point such that r0 = 1, r1, . . . , rc are linearly
independent over Q. Let s1, . . . , sm : Rc → R be Q-linear functions.
By a pair (X/Z ∋ z,B(r) :=
∑m
i=1 si(r)Bi), we mean that X is a variety,
B1, . . . , Bm ≥ 0 are Weil divisors on X such that (X/Z ∋ z,B(r0)) is a pair.
By [HLS19, Lemma 5.3], KX +B(r) is R-Cartier for any r ∈ Rc.
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Let ǫ0 :=
1
2 min1≤i≤m{si(r0)} and C := {si(r) | 1 ≤ i ≤ m},
I ′0 := {
m1
m2
| m1 ∈ Z≥0,m2 ∈ Z>0,m1,m2 ≤ ⌊
4
min{ǫ, ǫ0}
⌋⌊
4
ǫ
⌋},
L(ǫ, C) := {β(r) :=
1−
∑m
i=1 lisi(r)
l
| l ∈ Z>0, li ∈ Z≥0, 1 ≤ i ≤ m,β(r0) ≥ ǫ},
P(ǫ, C) := {pA(r) :=
(A+ p1)β1(r) + p2β2(r)
A+ p1 + p2
| A ∈ Z>0,
p1, p2 ∈ I
′
0, β1(r), β2(r) ∈ L(ǫ, C), β2(r0) ≥ β1(r0)}.
For any positive integer N , we define
F(N, ǫ, C) := {f(r) :=
l0 −
∑m
i=1 lisi(r)
l
| l ∈ Z>0, li ∈ Z≥0, 1 ≤ i ≤ m,
l0 ≤ N, f(r0) ≥ ǫ} ∪ (Q ∩ {ǫ}).
For any set S of linear functions of c variables, we define S|
r
′ := {s(r′) |
s(r) ∈ S} for any point r′ ∈ Rc.
It is clear that L(ǫ, C) ⊆ F(N, ǫ, C) are finite sets and for any Q-linear
functions h1(r), h2(r) : Rc → R, if h1(r0) = h2(r0), then h1(r) = h2(r) for
any r ∈ Rc as r0, r1, . . . , rc are linearly independent over Q.
Note that L(ǫ, C|r0) = L(ǫ, C)|r0 ,F(N, ǫ, C|r0) = F(N, ǫ, C)|r0 and
P(ǫ, C|r0)⊆ P(ǫ, C)|r0 , since I0 ⊆ I
′
0, where I0,L(ǫ, C|r0),F(N, ǫ, C|r0),P(ǫ, C|r0)
are defined as in Notation (⋆).
Lemma 4.7. With notation (⋆⋆) and assume that ǫ is non-negative. Let
d, I0,M0 be positive integers. Then there exist a positive real number δ and
a Q-linear function f(r) : Rc → R depending only on ǫ, d, c,m, I0,M0, r0, C
satisfying the following.
(1) f(r0) ≥ ǫ, and if ǫ ∈ Q, then f(r) = ǫ for any r ∈ Rc.
(2) Assume that (X/Z ∋ z,B(r0)) is a pair of dimension d, such that
• (X/Z ∋ z,B(r0)) is ǫ-lc over z,
• mld(X/Z ∋ z, C) ≤M0 for any boundary C, and
• I0D is Cartier for any Q-Cartier Weil divisor D on X.
Then there exists a prime divisor E ∈ e(z) such that
mld(X/Z ∋ z,B(r)) = a(E,X,B(r)) ≥ f(r)
for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ.
Proof. By [HLS19, Corollary 5.5], there exists a positive real number δ0
depending only on d, c,m, r0, C such that (X/Z ∋ z,B(r)) is lc over z for
any r ∈ Rc satisfying ||r − r0||∞ ≤ δ0. In particular, there exist a finite set
Γ1 = {ai}
k
i=1 of positive real numbers and a finite set Γ2 of non-negative
rational numbers depending only on c,m, r0, C and δ0 such that
KX +B(r0) =
k∑
i=1
ai(KX +B
i),
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and (X/Z ∋ z,Bi) is lc over z for some Bi ∈ Γ2. There exist a
positive integer c′ ≥ c, real numbers rc+1, . . . , rc′ and Q-linear functions
ai(x1, . . . , xc′) : Rc
′
→ R such that r0, r1, . . . , rc′ are linearly independent
over Q, and ai(r1, . . . , rc′) = ai for any 1 ≤ i ≤ k. Since
∑k
i=1 ai =
1,
∑k
i=1 ai(x1, . . . , xc′) = 1 for any (x1, . . . , xc′) ∈ R
c′ . In particular, we
have
∑k
i=1 ai(r) = 1, and B(r) =
∑k
i=1 ai(r)B
i for any r ∈ Rc, where
ai(r) = ai(r, rc+1, . . . , rc′) for any 1 ≤ i ≤ k.
Since Γ2 is a finite set of rational numbers, we may find a positive integer
I1 such that I1Γ2 ⊆ Z. Let I := I0I1. By assumption, possibly shrinking Z
near z, we may assume that I(KX +B
i) is Cartier for any 1 ≤ i ≤ k.
Let a0 :=
1
2 min1≤i≤k{ai},M :=
M0
a0
, and
F := {a(r) :=
k∑
i=1
ai(r)bi | a(r0) ≥ ǫ, bi ∈
1
I
Z≥0, bi ≤M, 1 ≤ i ≤ k}∪(Q∩{ǫ})
which is a finite set of Q-linear functions. Let f(r) ∈ F , such that f(r0) =
minF|r0 . Note that if ǫ ∈ Q, then f(r0) = ǫ and hence f(r) = ǫ for any
r ∈ Rc as r0, . . . , rc are linearly independent over Q.
We may find a positive real number δ ≤ δ0 depending only on F , δ0, r0
such that ai(r) ≥ a0 and g(r) > h(r) for any ||r − r0||∞ ≤ δ, 1 ≤ i ≤ k,
and g(r), h(r) ∈ F satisfying g(r0) > h(r0).
We claim that δ and f(r) have the required properties. We first show that
mld(X/Z ∋ z,B(r′)) ∈ F|
r
′ for any r′ ∈ Rc satisfying ||r′ − r0||∞ ≤ δ. We
may assume that mld(X/Z ∋ z,B(r′)) = a(E′,X,B(r′)) for some E′ ∈ e(z)
and a(E′,X,B1) = max1≤i≤k{a(E
′,X,Bi)}. By assumption, we have
M0 ≥ mld(X/Z ∋ z,B(r
′)) =
k∑
i=1
ai(r
′)a(E′,X,Bi)
≥ a1(r
′)a(E′,X,B1) ≥ a0a(E
′,X,B1).
Thus a(E′,X,B1) ≤ M and a(E′,X,B(r′)) ∈ F|r′ . Let E ∈ e(z) such
that mld(X/Z ∋ z,B(r0)) = a(E,X,B(r0)), then a(E,X,B(r)) ∈ F . We
show that E has the required properties. By our choice of δ and f(r),
a(E,X,B(r)) ≥ f(r) for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ. It suffices
to show that
mld(X/Z ∋ z,B(r)) = a(E,X,B(r))
for any r ∈ Rc satisfying ||r−r0||∞ ≤ δ. Otherwise there exist a divisor E′ ∈
e(z) and a point r′ ∈ Rc such that ||r′ − r0||∞ ≤ δ,mld(X/Z ∋ z,B(r′)) =
a(E′,X,B(r′)) < a(E,X,B(r′)). Since a(E,X,B(r)), a(E′ ,X,B(r)) ∈ F
and a(E′,X,B(r0)) > a(E,X,B(r0)), a(E
′,X,B(r′)) > a(E,X,B(r′)), a
contradiction. 
Theorem 4.8. With notation (⋆⋆). Then there exist a positive real number
δ and a Q-linear function f(r) depending only on ǫ, c,m, r0, C satisfying the
following.
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(1) f(r0) ≥ ǫ, and if ǫ ∈ Q, then f(r) = ǫ for any r ∈ Rc.
(2) Assume that (X ∋ x,B(r)) is a surface germ such that +∞ >
pld(X ∋ x,B(r0)) ≥ ǫ, then there exists a prime divisor E over
X such that
pld(X ∋ x,B(r)) = a(E,X,B(r))
for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ. Moreover, the Q-linear
function a(E,X,B(r)) only depends on pld(X ∋ x,B(r0)) and r0.
(3) Assume that (X ∋ x,B(r)) is a surface germ such that mld(X ∋
x,B(r0)) ≥ ǫ, then there exists a prime divisor E over X such that
mld(X ∋ x,B(r)) = a(E,X,B(r)) ≥ f(r)
for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ. Moreover, the Q-linear
function a(E,X,B(r)) only depends on mld(X ∋ x,B(r0)) and r0.
Proof. Let N ′0 be the number defined in Lemma A.1 depending only on
ǫ
2 and [ǫ0, 1], and N0 ≥ N
′
0 the number defined in Lemma A.1 depending
only on N ′0, ǫ and C|r0 . Let N1 ≥ N0 be the number defined in Lemma 4.5
depending only on ǫ2 and N0. Let N2 be the number defined in Lemma A.4
depending only on ǫ and N1. Let N3 ≥ N2 be the number defined in Lemma
4.6 depending only on ǫ, si(r0) and N2.
By [HLS19, Corollary 5.5], there exists a positive real number δ0
depending only on c,m, r0, C, ǫ such that for any surface germ (X ∋ x,B(r))
satisfying pld(X ∋ x,B(r0)) ≥ ǫ (respectively mld(X ∋ x,B(r0)) ≥ ǫ), then
pld(X ∋ x,B(r)) ≥ ǫ2 (respectively mld(X ∋ x,B(r)) ≥
ǫ
2 ) for any r ∈ R
c
satisfying ||r − r0||∞ ≤ δ0.
Claim 4.9. There exists a positive real number δ ≤ δ0 depending only on
ǫ, C, δ0, r0, N1, N3, c and m such that
(i) for any f1(r), f2(r) ∈ F(N3, ǫ, C), if f1(r0) < f2(r0) then f1(r) <
f2(r), and si(r) ≥ ǫ0 for any 1 ≤ i ≤ m and any r ∈ Rc satisfying
||r − r0||∞ ≤ δ, and
(ii) for any surface germ (X ∋ x,B(r)), if mld(X ∋ x,B(r0)) ≥ ǫ
and the dual graph of the minimal resolution of X has at most N1
vertices, then
mld(X ∋ x,B(r)) = a(E,X,B(r))
for some prime divisor E over X and any r ∈ Rc satisfying ||r −
r0||∞ ≤ δ.
Proof of Claim 4.9. Since C and F(N3, ǫ, C) are finite sets of linear func-
tions, we may find a positive real number δ1 ≤ δ0 depending only on
ǫ, C,F(N3, ǫ, C), δ0, r0 such that (i) holds. It suffices to find a positive real
number δ < δ1 such that (ii) holds.
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Indeed let f : Y → X be the minimal resolution of X with exceptional
divisors E1, . . . , Em′ (m
′ ≤ N1). We may write
KY +BY (r0) +
m′∑
i=1
(1− ai)Ei := f
∗(KX +B(r0)),
where BY (r0) is the strict transform of B(r0) and ai := a(Ei,X,B(r0))
for any i. By Lemma A.4, ai ∈ F(N2, ǫ, C)|r0 . Then there exist Q-linear
functions sm+1(r), . . . , sm+m′(r) ∈ {1−a(r) | a(r) ∈ F(N2, ǫ, C)} such that
sm+i(r0) = 1−ai for any i. Let B
′
Y (r) := BY (r)+
∑m′
i=1 sm+i(r)Ei, then we
haveKY +B
′
Y (r) = f
∗(KX+B(r)) for any r ∈ Rc satisfying ||r−r0||∞ ≤ δ1.
Since Y is smooth, mld(Y/X ∋ x,C) ≤ 2 for any boundary C on Y . By
Lemma 4.7, we may find a positive real number δ(m′) < δ1 depending only
on ǫ, c,m+m′, si(r), r0, δ1 such that
mld(Y/X ∋ x,B′Y (r)) = a(E,Y,B
′
Y (r)) = a(E,X,B(r))
for some prime divisor E overX and any r ∈ Rc satisfying ||r−r0||∞ ≤ δ(m′).
Let δ := min0≤i≤N1{δ(i)}, the claim holds. 
Let f(r) ∈ F(N3, ǫ, C) such that f(r0) = minF(N3, ǫ, C)|r0 . We will show
that δ and f(r) have the required properties.
(1) By the choice of f(r), f(r0) ≥ ǫ. Note that if ǫ ∈ Q, then f(r0) = ǫ,
and f(r) = ǫ for any r ∈ Rc as r0, . . . , rc are linearly independent over Q.
(2) Let f : Y → X be the minimal resolution of X,DG the dual graph of f
and E(f) the set of f -exceptional divisors. If DG has at least N1 vertices,
then by Lemma A.1, we have
pld(X ∋ x,B(r0)) = min{pA(r0), p
′
A(r0)} ∈ P(ǫ, C)|r0 ,
where pA(r) =
(A+p1)β1(r)+p2β2(r)
A+p1+p2
, p′A(r) =
(A+p′2)β2(r)+p
′
1β1(r)
A+p′1+p
′
2
for some A ∈
Z>0, p1, p2, p′1, p
′
2 ∈ I
′
0, β1(r), β2(r) ∈ L(ǫ, C) and p1 − p
′
1 = p
′
2 − p2 = 1. We
may assume that
pld(X ∋ x,B(r0)) = min{pA(r0), p
′
A(r0)} = pA(r0) = a(E,X,B(r0))
for some prime divisor E over X. In particular, β1(r0) ≤ β2(r0) and hence
β1(r) ≤ β2(r) for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ. Thus
pA(r)− p
′
A(r) =
(A+ 1)(β1(r)− β2(r))
A+ p1 + p2
≤ 0
and min{pA(r), p
′
A(r)} = pA(r) for any r ∈ R
c satisfying ||r − r0||∞ ≤ δ.
By Lemma A.1 again, we have
pld(X ∋ x,B(r)) = min{pA(r), p
′
A(r)} = pA(r) = a(E,X,B(r)),
for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ.
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If DG has at most N1− 1 vertices, then by Lemma A.4, a(E,X,B(r0)) ∈
F(N2, ǫ, C)|r0 for any divisor E ∈ E(f). We may assume that
pld(X ∋ x,B(r0)) = min
E∈E(f)
{a(E,X,B(r0))} = a(E1,X,B(r0))
for some E1 ∈ E(f). By Claim 4.9(i),
pld(X ∋ x,B(r)) = min
E∈E(f)
{a(E,X,B(r))} = a(E1,X,B(r)),
for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ. Since r0, . . . , rc are linearly
independent over Q, the Q-linear function a(E,X,B(r)) only depends on
pld(X ∋ x,B(r0)) and r0.
(3) By Claim 4.9(ii), Lemma 4.5 and (2), there exists a prime divisor E over
X such that
mld(X ∋ x,B(r)) = a(E,X,B(r))
for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ as mld(X ∋ x,B(r)) ≥ ǫ2 .
By Lemma 4.6, a(E,X,B(r0)) ∈ (F(N3, ǫ, C) ∪ P(ǫ, C))|r0 . Hence
a(E,X,B(r)) ∈ F(N3, ǫ, C) ∪ P(ǫ, C) as r0, r1, . . . , rc are linearly inde-
pendent over Q. Note that for any pA(r) =
(A+p1)β1(r)+p2β2(r)
A+p1+p2
∈
P(ǫ, C), β1(r), β2(r) ∈ L(ǫ, C) and β2(r0) ≥ β1(r0) ≥ f(r0). By Claim
4.9(i), β2(r) ≥ β1(r) ≥ f(r) and hence pA(r) ≥ β1(r) ≥ f(r) for any
r ∈ Rc satisfying ||r − r0||∞ ≤ δ. In particular, a(E,X,B(r)) ≥ f(r) for
any r ∈ Rc satisfying ||r − r0||∞ ≤ δ. 
Corollary 4.10. Let m be a positive integer, ǫ ≤ ǫ′ two non-negative real
numbers and v = (v01 , . . . , v
0
m) ∈ R
m a point. Then there exist a positive
integer I and finite sets Γ1 ⊆ (0, 1],Γ2 ⊆ [0, 1] ∩ Q,M ⊆ Q≥0 depending
only on m, ǫ, ǫ′ and v satisfying the following.
Assume that (X ∋ x,B :=
∑m
j=1 v
0
jBj) is a surface germ such that
• Bi ≥ 0 is a reduced Weil divisor for any i,
• pld(X ∋ x,B) = ǫ′, and
• mld(X ∋ x,B) ≥ ǫ.
Then there exist ai ∈ Γ1, B
i ∈ Γ2, and ǫi, ǫ
′
i ∈ M such that
(1)
∑
ai = 1,
(2) KX +B =
∑
ai(KX +B
i),
(3)
∑
aiǫi ≥ ǫ and
∑
aiǫ
′
i = ǫ
′,
(4) pld(X ∋ x,Bi) = ǫ′i for any i,
(5) mld(X ∋ x,Bi) ≥ ǫi for any i,
(6) I(KX +B
i) is Cartier near x for any i, and
(7) if ǫ ∈ Q, then ǫi = ǫ for any i, if ǫ 6= 1, then ǫi 6= 1 for any i.
Proof. If v ∈ Qm, then ǫ′ ∈ Q. By Proposition A.5, there exists an integer I
depending only on ǫ′ and v such that I(KX+B) is Cartier near x. Let ǫ0 :=
{γ ≥ ǫ | γ ∈ 1
I
Z≥0}. Let Γ1 := {1},Γ2 := {v01 , . . . , v
0
m} and M := {ǫ0, ǫ
′}. It
is clear that the integer I, the sets Γ1,Γ2 andM have the required properties.
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Suppose that v ∈ Rm \ Qm. There exist a point r0 = (r1, . . . , rc) ∈
Rc and Q-linear functions si(r) : Rc → R such that r0 = 1, r1, . . . , rc are
linearly independent over Q and si(r0) = v0i for any 1 ≤ i ≤ m. Since
ǫ′ ∈ SpanQ({1, v
0
1 , . . . , v
0
m}), there exists a Q-linear function h(r) such that
h(r0) = ǫ
′.
If ǫ = ǫ′ = 0, then let δ be the number defined in [HLS19, Corollary
5.5] depending only on c,m, r0, si(r), and let f(r) = 0. In this case, for
any surface germ (X ∋ x,B(r) :=
∑m
i=1 si(r)Bi), if pld(X ∋ x,B(r0)) = 0
then pld(X ∋ x,B(r)) = 0 for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ,
as a(E,X,B(r)) is a linear function for any prime divisor E over X and
r0, r1, . . . , rc are linearly independent over Q. If ǫ′ > ǫ = 0, then let δ be
the number defined in Theorem 4.8 depending only on c,m, ǫ′, r0, si(r), and
let f(r) = 0. If ǫ > 0, then let δ and f(r) be the real number and Q-linear
function defined in Theorem 4.8 depending only on c,m, ǫ, r0, si(r). Note
that, if ǫ ∈ Q, then f(r) = ǫ for any r ∈ Rc. Then there exist positive real
numbers a1, . . . , ak and points r1, . . . , rk ∈ Qc such that
•
∑k
i=1 ai = 1,
•
∑k
i=1 airi = r0, and
• ||ri − r0||∞ ≤ δ for any 1 ≤ i ≤ k.
Let Γ1 := {ai | 1 ≤ i ≤ k},Γ2 := {sj(ri) | 1 ≤ j ≤ m, 1 ≤ i ≤ k} and
M := {ǫi := f(ri), ǫ
′
i := h(ri) | 1 ≤ i ≤ k}.
Let B(r) :=
∑m
j=1 sj(r)Bj , then mld(X ∋ x,B(r0)) = mld(X ∋ x,B) ≥ ǫ
and pld(X ∋ x,B(r0)) = pld(X ∋ x,B) = ǫ
′. By our choice of δ and f(r),
pld(X ∋ x,B(r)) = h(r), mld(X ∋ x,B(r)) ≥ f(r)
for any r ∈ Rc satisfying ||r − r0||∞ ≤ δ. Let Bi :=
∑m
j=1 sj(ri)Bj ∈ Γ2.
Then ai, ǫi, ǫ
′
i and (X ∋ x,B
i) satisfy (1)–(5) and (7). The existence of I
follows from Proposition A.5. 
Recall that we say that V ⊆ Rm is the rational envelope of v ∈ Rm, if V is
the smallest affine subspace containing v which is defined over the rationals.
Proof of Theorem 2.2. There exist Q-linearly independent real numbers
r0 = 1, r1, . . . , rc for some 0 ≤ c ≤ m, and Q-linear functions si(r) : Rc → R
such that si(r0) = v
0
i for any 1 ≤ i ≤ m, where r0 = (r1, . . . , rc). Note that
the map Rc → V defined by
r 7→ (s1(r), . . . , sm(r))
is one-to-one, where V ⊆ Rm is the rational envelope of v.
If c = 0, P = V = {v} and there is nothing to prove. Suppose that c ≥ 1.
Let B(r) :=
∑m
i=1 si(r)Bi, then B(r0) =
∑m
i=1 v
0
iBi and (X ∋ x,B(r0)) is
ǫ-lc at x. By Theorem 4.8, there exist a positive real number δ and a Q-
linear function f(r) depending only on ǫ, c,m, r0, si(r) such that f(r0) ≥ ǫ,
and
mld(X ∋ x,B(r)) = a(E,X,B(r)) ≥ f(r)
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for some prime divisor E over X and any r ∈ Rc satisfying ||r − r0||∞ ≤ δ.
We may find 2c positive rational numbers ri,1, ri,2 such that ri,1 < ri < ri,2
and max{ri − ri,1, ri,2 − ri} ≤ δ for any 1 ≤ i ≤ c. By our choice of δ, the
function Rc → R defined by
r 7→ mld(X ∋ x,B(r))
is a linear function on r ∈ Uc := [r1,1, r1,2]× · · · × [rc,1, rc,2].
Let rj be the vertices of Uc, ǫj := f(rj), v
j
i := si(rj) for any i, j. Note
that if ǫ ∈ Q, then ǫj = f(rj) = ǫ for any j. Let P := {(s1(r), . . . , sm(r)) |
r ∈ Uc} ⊆ V . Then the function P → R defined in the theorem is a linear
function, (vj1, . . . , v
j
m) are vertices of P, and
mld(X ∋ x,
m∑
i=1
vjiBi) = mld(X ∋ x,B(rj)) ≥ f(rj) = ǫj
for any j.
Finally, we may find positive real numbers aj such that
∑
aj = 1 and∑
ajrj = r0. Then
∑
ajvj = v and
∑
ajǫj ≥ ǫ as
∑
j ajv
j
i =
∑
j ajsi(rj) =
si(
∑
j ajrj) = si(r0) = v
0
i for any 1 ≤ i ≤ m, and
∑
ajǫj =
∑
ajf(rj) =
f(
∑
ajrj) = f(r0) ≥ ǫ. 
5. Existence of decomposed complements
The main goal of this section is to show Theorem 2.1.
5.1. Inversion of stability. As the first step in the proofs of Theorem 1.6
and Theorem 2.1, we need to reduce two theorems to the case when Γ is a
finite set. The proofs are similar to [HLS19].
Definition 5.1 (Relative a-lc thresholds). Suppose that (X/Z ∋ z,B) is
a-lc over z for some non-negative real number a. The a-lc threshold of
(X/Z ∋ z,B) with respect to an R-Cartier divisor M ≥ 0 is defined as
a- lct(X/Z ∋ z,B;M) := sup{t ≥ 0 | (X/Z ∋ z,B + tM) is a-lc over z}.
In particular, if a = 0 and X = Z, then we obtain the lc threshold.
Conjecture 5.2 (ACC for a-lc thresholds). Fix a positive integer d and a
non-negative real number a. Let Γ1 and Γ2 be two DCC sets, then
a-LCT (d,Γ1,Γ2) ={a- lct(X ∋ x,B;M) | (X ∋ x,B) is a-lc at x,
dimX = d,B ∈ Γ1,M ∈ Γ2}
satisfies the ACC.
Hacon-McKernan-Xu [HMX14] proved Conjecture 5.2 for a = 0. It is
natural to wonder if the relative version of Conjecture 5.2 holds.
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Conjecture 5.3 (ACC for relative a-lc thresholds). Fix a positive integer
d and a non-negative real number a. Let Γ1 and Γ2 be two DCC sets, then
a-LCTrel(d,Γ1,Γ2) ={a- lct(X/Z ∋ z,B;M) | (X/Z ∋ z,B) is a-lc over z,
dimX = d,B ∈ Γ1,M ∈ Γ2}
satisfies the ACC.
In order to show Conjecture 5.3, it is enough to show Conjecture 5.2.
Lemma 5.4. Let d be a positive integer and a a non-negative real number.
Then the ACC for a-lc thresholds in dimension d (Conjecture 5.2) implies
the ACC for relative a-lc thresholds in dimension d (Conjecture 5.3). In
particular, Conjecture 5.3 holds in dimension 2.
Proof. Let t := a- lct(X/Z ∋ z,B;M), then either t is the lc threshold of
(X,B) with respect to M over a neighborhood of π−1(z) or mld(X/Z ∋
z,B + tM) = a, where π is the morphism X → Z. In the former case,
t belongs to an ACC set by [HMX14, Theorem 1.1]. In the latter case, it
suffices to show that mld(X ∋ x,B+tM) = a for some point x ∈ π−1(z), and
hence t = a- lct(X ∋ x,B;M) belongs to an ACC set by assumption. Indeed
by Lemma 3.5, mld(X/Z ∋ z,B+tM) = a(E,X,B+tM) for some E ∈ e(z).
Let x be the generic point of centerX E, then mld(X/Z ∋ z,B + tM) =
mld(X ∋ x,B + tM).
By the ACC for minimal log discrepancies in dimension 2 (c.f. Lemma
B.4) and [BS10, Main Theorem 1.8], Conjecture 5.2 holds in dimension 2. 
Lemma 5.5. Let α be a positive real number, Γ ⊆ R≥0 a bounded DCC
set and Γ′′ = Γ¯′′ an ACC set. Then there exist a finite set Γ′ ⊆ Γ¯ and
a projection g : Γ¯ → Γ′ (i.e., g ◦ g = g) depending only on α, Γ and Γ′′
satisfying the following properties:
(1) γ + α ≥ g(γ) ≥ γ for any γ ∈ Γ,
(2) g(γ′) ≥ g(γ) for any γ′ ≥ γ, γ, γ′ ∈ Γ, and
(3) for any β ∈ Γ′′ and γ ∈ Γ, if β ≥ γ, then β ≥ g(γ).
Proof. We may replace Γ by Γ¯ and therefore assume that Γ = Γ¯. Since Γ is
a bounded DCC set, there exists a positive real number M ≥ 1, such that
Γ ⊆ [0,M ].
Let N := ⌈M
α
⌉,Γ0 := Γ ∩ [0,
1
N
], and
Γk := Γ ∩ (
k
N
,
k + 1
N
]
for any 1 ≤ k ≤ N − 1.
For any γ ∈ Γ, there exists a unique 0 ≤ k ≤ N − 1 such that γ ∈ Γk. If
γ ∈ Γ and γ > maxβ∈Γ′′{β}, then we let g(γ) = maxβ∈Γk{β} which has the
required properties. In the following, we may assume that for any γ ∈ Γ,
γ ≤ maxβ∈Γ′′{β}.
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Since Γ = Γ¯ and Γ′′ = Γ¯′′, we may define f : Γ → Γ′′, g : Γ → Γ in the
following ways,
f(γ) := min{β ∈ Γ′′ | β ≥ γ}, and g(γ) := max{β ∈ Γk | β ≤ f(γ), γ ∈ Γk}.
For any γ ∈ Γ, it is clear that
0 ≤ g(γ) − γ ≤
1
N
≤ α.
Since f(γ) ≥ g(γ) ≥ γ, f(g(γ)) = f(γ) and g(g(γ)) = g(γ). We will show
that Γ′ := {g(γ) | γ ∈ Γ} has the required properties.
It suffices to show that Γ′ is a finite set. Since Γ′ ⊆ Γ, Γ′ satisfies the
DCC. We only need to show that Γ′ satisfies the ACC. Suppose that there
exists a strictly increasing sequence g(γ1) < g(γ2) < . . . , where γj ∈ Γ.
Since f(γj) belongs to the ACC set Γ
′′, possibly passing to a subsequence,
we may assume that f(γj) is decreasing. Thus g(γj) is decreasing, and we
get a contradiction. Therefore Γ′ satisfies the ACC. 
The proof of Theorem 5.6 is very similar to [HLS19, Theorem 5.21].
Theorem 5.6. Let d be a positive integer, ǫ a non-negative real number, α
a positive real number, and Γ ⊆ [0, 1] a DCC set. Suppose that Conjecture
5.2 holds in dimension d with a = ǫ. Then there exist a finite set Γ′ ⊆ Γ¯
and a projection g : Γ¯ → Γ′ depending only on d, ǫ, α and Γ satisfying the
following.
Assume that (X/Z ∋ z,B :=
∑s
i=1 biBi) is a pair of dimension d such
that
• bi ∈ Γ for any 1 ≤ i ≤ s,
• Bi ≥ 0 is a Q-Cartier Weil divisor for any 1 ≤ i ≤ s, and
• (X/Z ∋ z,B) is ǫ-lc over z.
Then
(1) γ + α ≥ g(γ) ≥ γ for any γ ∈ Γ,
(2) g(γ′) ≥ g(γ) for any γ′ ≥ γ, γ, γ′ ∈ Γ, and
(3) (X/Z ∋ z,
∑s
i=1 g(bi)Bi) is ǫ-lc over z.
Proof. Possibly replacing Γ by Γ¯, we may assume that Γ = Γ¯. Let Γ′′ :=
a-LCTrel(d,Γ,Z≥0). Since we assume that Conjecture 5.2 holds in dimension
d with a = ǫ, by Lemma 5.4, Γ′′ satisfies the ACC. By Lemma 5.5, there
exists a projection g : Γ¯→ Γ′ satisfying Lemma 5.5(1)–(3).
It suffices to show that (X/Z ∋ z,
∑s
i=1 g(bi)Bi) is ǫ-lc over z. Otherwise,
there exists some 1 ≤ j ≤ s, such that (X/Z ∋ z,
∑j
i=1 g(bi)Bi +∑s
i=j+1 biBi) is ǫ-lc over z, and (X/Z ∋ z,
∑j+1
i=1 g(bi)Bi +
∑s
i=j+2 biBi)
is not ǫ-lc over z. Let
β := a- lct(X/Z ∋ z,
j∑
i=1
g(bi)Bi +
s∑
i=j+2
biBi;Bj+1).
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Then g(bj+1) > β ≥ bj+1. Since g(bi), bi ∈ Γ for any i, we have β ∈ Γ
′′
which contradicts Lemma 5.5(3). 
Lemma 5.7. Let (X/Z ∋ z,B), (X/Z ∋ z,B′) be two pairs such that
(1) SuppB′ ⊆ SuppB,Supp⌊B⌋ ⊆ Supp⌊B′⌋, and
(2) (X/Z ∋ z,B) has an R-complement (X/Z ∋ z,B+G) with ⌊B+G⌋ =
⌊B⌋.
Then there exist a positive real number u and a pair (X/Z ∋ z,∆), such
that −(KX +B
′) ∼R u(KX +∆) over a neighborhood of z.
Moreover, if (X/Z ∋ z,B + G) is dlt over a neighborhood of z, then
(X/Z ∋ z,∆) is dlt over a neighborhood of z.
Proof. By assumption, there exists a positive real number ǫ0 < 1, such that
B − ǫ0B
′ ≥ 0, and any coefficient of ∆ := B−ǫ0B
′
1−ǫ0
+ G1−ǫ0 is at most 1. Then
over a neighborhood of z, we have −ǫ0(KX + B
′) ∼R (1 − ǫ0)(KX + ∆),
Hence (X/Z ∋ z,∆) and u := 1−ǫ0
ǫ0
have the required properties.
If (X/Z ∋ z,B +G) is dlt over a neighborhood of z, then we may choose
0 < ǫ0 ≪ 1, such that (X/Z ∋ z,∆) is dlt over a neighborhood of z. 
The proof of Theorem 5.8 is very similar to that of [HLS19, Theorem
5.22].
Theorem 5.8. Let d be a positive integer, ǫ a non-negative real number,
and Γ ⊆ [0, 1] a DCC set. Suppose that either d ≤ 2 or Conjecture 5.2 holds
in dimension d with a = ǫ. Then there exist a finite set Γ′ ⊆ Γ¯, and a
projection g : Γ¯→ Γ′ depending only on ǫ, d and Γ satisfying the following.
Assume that (X/Z ∋ z,B :=
∑
biBi) is a pair such that
• X is Q-factorial of dimension d,
• Bi ≥ 0 is a Weil divisor for any i,
• bi ∈ Γ for any i,
• (X/Z ∋ z,B) has an (ǫ,R)-complement (X/Z ∋ z,B + G) with
⌊B +G⌋ = ⌊B⌋, and
• either (X/Z ∋ z,B +G) is dlt over a neighborhood of z or d ≤ 2.
Then possibly shrinking Z near z, we have
(1) g(γ) ≥ γ for any γ ∈ Γ,
(2) g(γ′) ≥ g(γ) for any γ′ ≥ γ, γ, γ′ ∈ Γ,
(3) (X/Z ∋ z,
∑
g(bi)Bi) is ǫ-lc over z, and
(4) −(KX +
∑
g(bi)Bi) is pseudo-effective over Z.
Moreover, if one of the following holds:
(i) d ≤ 2, or
(ii) X is of Fano type over Z, or
(iii) the abundance conjecture holds in dimension d.
Then −(KX +
∑
g(bi)Bi) has a good minimal model over Z, and (X/Z ∋
z,
∑
g(bi)Bi) is (ǫ,R)-complementary. In particular, there exists a positive
real number τ depending only on d, ǫ and Γ such that for any B,B′ ∈ Γ, if
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B ≤ B′ and ||B − B′|| < τ , then (X/Z ∋ z,B) is (ǫ,R)-complementary if
and only if (X/Z ∋ z,B′) is (ǫ,R)-complementary.
Proof. Suppose that the theorem does not hold. By Theorem 5.6, there
exist a sequence of Q-factorial pairs of dimension d, (Xk/Zk ∋ zk, B(k) :=∑
i bk,iBk,i), and a sequence of projections gk : Γ¯→ Γ¯, such that
• bk,i ∈ Γ, bk,i +
1
k
≥ gk(bk,i) ≥ bk,i for any k, i,
• (Xk/Zk ∋ zk, B(k)) has an (ǫ,R)-complement (Xk/Zk ∋ zk, B(k) +
Gk) with ⌊B(k) +Gk⌋ = ⌊B(k)⌋ for any k,
• either (Xk/Zk ∋ zk, B(k) + Gk) is dlt over a neighborhood of zk for
any k or d ≤ 2,
• (Xk/Zk ∋ zk, B
′
(k) :=
∑
i gk(bk,i)Bk,i) is ǫ-lc over zk for any k, and
• −(KXk +B
′
(k)) is not pseudo-effective over Zk for any k.
Possibly shrinking Zk near zk, by Lemma 5.7, −(KXk + B
′
(k)) ∼R,Zk
uk(KXk+∆k) for some positive real number uk and Q-factorial pair (Xk,∆k)
for any k, and if (Xk/Zk ∋ zk, B(k) +Gk) is dlt over a neighborhood of zk,
then so is (Xk,∆k). By [Fuj12, Theorem 1.1] and [BCHM10], we may run a
−(KXk +B
′
(k))-MMP with scaling of an ample divisor over Zk, and reach a
Mori fiber space Yk → Z
′
k over Zk, such that−(KYk+B
′
(Yk)
) is antiample over
Z ′k, where B
′
(Yk)
is the strict transform of B′(k) on Yk. Since −(KXk +B(k))
is pseudo-effective over Zk, −(KYk + B(Yk)) is nef over Z
′
k, where B(Yk) is
the strict transform of B(k) on Yk.
For each k, there exist a positive integer kj and a positive real number
0 ≤ b+k ≤ 1, such that bk,kj ≤ b
+
k < gk(bk,kj), and KFk +B
+
Fk
≡ 0, where
KFk +B
+
Fk
:=

KYk + (
∑
i<kj
gk(bk,i)BYk ,i) + b
+
k BYk,kj + (
∑
i>kj
bk,iBYk,i)

 |Fk ,
BYk,i is the strict transform of Bk,i on Yk for any i, and Fk is a general fiber
of Yk → Z
′
k. Since (Xk/Zk ∋ zk, B(k)) is (ǫ,R)-complementary, (Yk, B(Yk))
is lc over zk. Thus (Yk/Zk ∋ zk, B
′
(Yk)
) is lc over zk by Theorem 5.6, hence
(Fk, B
+
Fk
) is lc.
Since gk(bk,kj) belongs to the DCC set Γ¯ for any k, kj , possibly passing to
a subsequence, we may assume that gk(bk,kj) is increasing. Since gk(bk,kj)−
b+k > 0 and
lim
k→+∞
(gk(bk,kj)− b
+
k ) = 0,
by Lemma 5.9, possibly passing to a subsequence, we may assume that b+k
is strictly increasing.
Now KFk + B
+
Fk
≡ 0, the coefficients of B+Fk belong to the DCC set
Γ¯ ∪ {b+k }
∞
k=1, and b
+
k is strictly increasing. This contradicts the global ACC
[HMX14, Theorem 1.4].
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If one of (i)-(iii) holds, then there exists a good minimal model
−(KX′ +
∑
g(bi)B
′
i) of −(KX +
∑
g(bi)Bi) over a neighborhood of z,
where B′i is the strict transform of Bi on X
′. Since (X/Z ∋ z,
∑
biBi) is
(ǫ,R)-complementary, (X ′/Z ∋ z,
∑
biB
′
i) is (ǫ,R)-complementary. Hence
(X ′/Z ∋ z,
∑
biB
′
i) is ǫ-lc over z, and (X
′/Z ∋ z,
∑
g(bi)B
′
i) is ǫ-lc over
z. By Lemma 3.12, (X ′/Z ∋ z,
∑
g(bi)B
′
i) is (ǫ,R)-complementary, thus
(X/Z ∋ z,
∑
g(bi)Bi) is also (ǫ,R)-complementary.
Let τ := min{γ′ − γ > 0 | γ′ ∈ Γ¯, γ ∈ Γ′}, we will show that τ has the
required properties. We may write B :=
∑
biBi and B
′ :=
∑
b′iBi, where
Bi ≥ 0 are Weil divisors on X. It is enough to show that g(bi) ≥ b
′
i for any
i. Indeed as g(bi) ∈ Γ
′ and b′i − g(bi) ≤ b
′
i − bi < τ , g(bi) ≥ b
′
i by the choice
of τ . 
Lemma 5.9. Let {ak}
∞
k=1 be an increasing sequence of real numbers, and
{bk}
∞
k=1 a sequence of real numbers, such that bk < ak for any k, and
limk→+∞(ak − bk) = 0. Then possibly passing to a subsequence, we may
assume that bk is strictly increasing.
Proof. It suffices to show that for any k ≥ 1, there exists an integer k′ > k
such that bk′ > bk. Let cj = aj−bj for any j, then cj > 0 and limj→+∞ cj = 0
by assumption. Thus there exists an integer k′ > k, such that ck′ < ck. Since
ak′ > ak, bk′ = ak′ − ck′ > ak − ck = bk. 
The following theorem is a slight generalization of [BS10, Main Proposi-
tion 2.1], that is, we assume Conjecture 5.2 instead of the ACC conjecture
for MLDs, and we do not assume (X ∋ x,B′) is lc near x.
Theorem 5.10 (Inversion of stability for ǫ-lc pairs). Let d be a positive
integer, ǫ a non-negative real number, and Γ ⊆ [0, 1] a DCC set. Suppose
that Conjecture 5.2 holds in dimension d with a = ǫ. There exists a positive
real number τ depending only on d, ǫ and Γ satisfying the following.
Assume that (X ∋ x,B) and (X ∋ x,B′) are two pairs of dimension d
such that
(1) B ≤ B′, ||B −B′|| < τ,B′ ∈ Γ, and
(2) (X ∋ x,B) is ǫ-lc at x.
Then (X ∋ x,B′) is also ǫ-lc at x.
Proof. Suppose that the theorem does not hold, then there exist two
sequence of pairs (Xk ∋ xk, Bk), (Xk ∋ xk, B
′
k), such that Bk ≤ B
′
k,
||Bk − B
′
k|| <
1
k
, B′k ∈ Γ, (Xk ∋ xk, Bk) is ǫ-lc at xk, and (Xk ∋ xk, B
′
k)
is not ǫ-lc at xk.
We may write Bk :=
∑mk
i=1 bkiBki and B
′
k :=
∑mk
i=1 b
′
kiBki for any k, where
Bki are distinct prime divisors on Xk for any k. We first show that the set
Γ˜ = {bki | k, i} satisfies the DCC. Otherwise there exists a strictly decrease
sequence biljl ∈ Γ˜, bi1j1 > bi2j2 > . . . . Since il ∈ Z>0 and b
′
iljl
belongs to
the DCC set Γ, possibly passing to a subsequence, we may assume that il is
strictly increasing and b′iljl is increasing, and hence liml→+∞(b
′
iljl
−biljl) = 0.
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By Lemma 5.9, possibly passing to a subsequence we may assume that biljl
is strictly increasing, a contradiction. Possibly replacing Γ by Γ∪ Γ˜, we may
assume that Bk ∈ Γ for any k.
Possibly shrinking Xk near xk, we may assume that (Xk, Bk) is lc. Let
fk : Yk → Xk be a dlt modification of (Xk, Bk), and write
KYk +BYk + EYk = f
∗
k (KXk +Bk),
where BYk is the strict transform of Bk, and EYk is the sum of reduced
fk-exceptional divisors.
By Theorem 5.6, possibly passing to a subsequence, we may assume that
(Yk/Xk ∋ xk, B
′
Yk
+ EYk) is ǫ-lc over xk for any k, where B
′
Yk
is the strict
transform of B′k. Possibly shrinking Xk near xk, by Lemma 5.7, there exist
a positive real number uk and a dlt pair (Yk,∆k), such that −(KYk +B
′
Yk
+
EYk) ∼R,Xk uk(KYk +∆k). Let E
′
Yk
+B′k −Bk = f
∗
k (B
′
k −Bk). Then
−(KYk +B
′
Yk
+ EYk) ∼R,Xk BYk −B
′
Yk
∼R,Xk E
′
Yk
.
By [Bir12, Theorem 1.8], we may a run a −(KYk + B
′
Yk
+ EYk)-MMP with
scaling of an ample divisor over Xk, and terminates with a model Wk over
Xk such that −(KWk +B
′
Wk
+ EWk) ∼R,Xk E
′
Wk
= 0, where B′Wk , EWk and
E′Wk are the strict transforms of B
′
Yk
, EYk and E
′
Yk
respectively. Thus KWk+
B′Wk+EWk is the pullback of KXk+B
′
k. Since (Wk/Xk ∋ xk, BWk+EWk) is
(ǫ,R)-complementary, by Theorem 5.8, possibly passing to a subsequence,
we may assume that (Wk/Xk ∋ xk, B
′
Wk
+EWk) is ǫ-lc over xk, hence (Xk ∋
xk, B
′
k) is ǫ-lc at xk, a contradiction. 
Remark 5.11. If X is Q-factorial, then we may show that Theorem 5.10
holds for pairs (X/Z ∋ z,B) and (X/Z ∋ z,B′) by assuming Conjecture 5.2
in dimension d with a = ǫ.
5.2. Proof of Theorem 2.1 for surface germs. Let (X/Z ∋ z,B) be a
surface germ which is lc over z, we define
P(X/Z ∋ z,B) := {pld(X ∋ x,B) | x ∈ X is a closed point, π(x) = z}.
Lemma 5.12. Let Γ ⊆ [0, 1] and P ⊆ [0, 1] be two finite sets. Then there
exists a discrete set LD0 ⊆ R≥0 depending only on Γ and P satisfying the
following.
Assume that (X/Z ∋ z,B) is a surface germ such that
• B ∈ Γ,
• (X/Z ∋ z,B) is lc over z, and
• P(X/Z ∋ z,B) ⊆ P ∪ {+∞}.
Then a(E,X,B) ∈ LD0 for any prime divisor E ∈ e(z).
Proof. By Corollary 4.10, there exist a finite set Γ1 of positive real numbers,
a finite set Γ2 of non-negative rational numbers and a positive integer I
depending only on Γ and P such that
•
∑
ai = 1,
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• KX +B =
∑
ai(KX +B
i), and
• I(KX + B
i) is Cartier near x for any i and any closed point x
satisfying π(x) = z, where π is the morphism X → Z,
for some ai ∈ Γ1 and B
i ∈ Γ2. In particular, I(KX + B
i) is Cartier over a
neighborhood of z for any i. Let
LD0 := {
∑
αiβi | αi ∈ Γ1, βi ∈
1
I
Z≥0}.
Since a(E,X,B) =
∑
aia(E,X,B
i) and a(E,X,Bi) ∈ 1
I
Z≥0, a(E,X,B) ∈
LD0 for any prime divisor E ∈ e(z). 
Definition 5.13. Let (X,B) and (X ′, B′) be two pairs. We say that
(X ′, B′) is a non-positive birational model of (X,B) if there exists a common
birational resolution p :W → X ′ and q : W → X, such that
p∗(KX′ +B
′) ≥ q∗(KX +B).
Remark 5.14. By definition, if (X ′, B′) is a non-positive birational model of
(X,B), then any non-positive birational model of (X ′, B′) is a non-positive
birational model of (X,B).
The proof of Theorem 5.15 is similar to [Bir04, Main Theorem 1.6].
Theorem 5.15. Let ǫ be a non-negative real number and Γ ⊆ [0, 1] a DCC
set. Then there exists a finite set Γˆ ⊆ [0, 1] ∩ (Q + SpanQ≥0(Γ¯)) depending
only on Γ and ǫ satisfying the following.
Assume that (X/Z ∋ z,B) is a surface germ such that B ∈ Γ, and (X/Z ∋
z,B) is (ǫ,R)-complementary. Then possibly shrinking Z near z, there exists
a boundary BY on the minimal resolution Y of X such that
(1) (Y,BY ) is a non-positive birational model of (X,B),
(2) BY ∈ Γˆ,
(3) −(KY +BY ) is semiample over Z, and
(4) (Y/Z ∋ z,BY ) is (ǫ,R)-complementary.
Proof. Step 1. In this step, we show that there exist two finite sets Γ˜ ⊆ [0, 1]
and P˜ ⊆ [0, 1] depending only on Γ and ǫ such that there exists a non-
positive birational model (X˜/Z ∋ z, B˜) of (X/Z ∋ z,B) with the following
properties:
• Y dominates X˜ ,
• B˜ ∈ Γ˜,
• −(KX˜ + B˜) is semiample over Z,
• P(X˜/Z ∋ z, B˜) ⊆ P˜ ∪ {+∞}, and
• (X˜/Z ∋ z, B˜) is (ǫ,R)-complementary.
Let π be the morphsim X → Z and P := {x ∈ π−1(z) is a closed point |
pld(X ∋ x, 0) = 0}. Note that for any x ∈ P, pld(X ∋ x,B) = pld(X ∋
x, 0) = 0 and 12(KX +B) is Cartier near x by the classification of lc surface
singularities. Let f ′ : X ′ → X be the morphism such that f ′ is the minimal
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resolution near x for any x ∈ P, and is an isomophism over X\P. In
particular, Y dominates X ′. Note that if P = ∅, then f ′ is the identity map.
We may write KX′ + B
′ := (f ′)∗(KX + B), then B
′ ∈ Γ ∪ ( 112Z≥0 ∩ [0, 1])
and (X ′/Z ∋ z,B′) is (ǫ,R)-complementary. Replacing Γ and (X/Z ∋ z,B)
by Γ∪ ( 112Z≥0 ∩ [0, 1]) and (X
′/Z ∋ z,B′) respectively, we may assume that
P = ∅. In particular, X is Q-factorial klt over a neighborhood of z.
Let (X/Z ∋ z,B+G) be an (ǫ,R)-complement of (X/Z ∋ z,B). Possibly
replacing B,G by B−B∧⌊B+G⌋+ ⌊B+G⌋, G−G∧⌊B+G⌋ respectively,
we may assume that ⌊B⌋ = ⌊B +G⌋.
By Theorem 5.8, we may assume that Γ is a finite set, and −(KX + B)
has a unique good minimal model X ′′ over Z such that −(KX′′ + B
′′) is
semiample over Z, where B′′ is the strict transform of B. Possibly replacing
(X,B) by (X ′′, B′′), we may assume that −(KX +B) is semiample over Z.
By Theorem A.3, Pld(Γ) is an ACC set and hence Γ′ := D(Γ)∪{1− γ ≥
0 | γ ∈ Pld(Γ)} satisfies the DCC. Let τ be the number defined in Theorem
5.8 depending only on Γ′ and ǫ. If ǫ = 0, let ǫ′ = τ , otherwise let ǫ′ = ǫ. Let
Γ˜ = Γ ∪ (D(Γ) ∩ [0, 1 − ǫ′]) ⊆ D(Γ) ⊆ SpanQ≥0(Γ)
be the union of two finite sets. Note that when ǫ > 1, [0, 1 − ǫ′] = ∅. By
Theorem A.3, Pld(Γ˜) is an ACC set, thus
P˜ := Pld(Γ˜)\(limPld(Γ˜))τ ,
is a finite set, where (limPld(Γ˜))τ := ∪
b∈limPld(Γ˜)
(b, b+τ). By construction,
(limPld(Γ˜))τ ⊆ ∪
b∈limPld(ǫ′,Γ˜)
(b, b+ τ) ∪ (0, τ),
where Pld(ǫ′, Γ˜) := Pld(Γ˜) ∩ [ǫ′,+∞). Let P0 := {1} ∪ {1 − b | b ∈
limPld(ǫ′, Γ˜)}. By Lemma 4.4 and Lemma 3.10, we have
P0 ⊆ D(Γ˜) ∩ [0, 1 − ǫ
′] ⊆ D(D(Γ)) ∩ [0, 1 − ǫ′] = D(Γ) ∩ [0, 1 − ǫ′] ⊆ Γ˜.
From now on, we construct a sequence of surface germs (Xi/Z ∋ z,BXi),
X := X1 99K X2 99K · · · 99K Xl = X˜,
with the following properties:
• BXi ∈ Γ˜,
• −(KXi +BXi) is semiample over Z,
• (Xi/Z ∋ z,BXi) is (ǫ,R)-complementary,
• (Xi, BXi) is a non-positive birational model of (X,B),
• P(X˜/Z ∋ z, B˜) ⊆ P˜ ∪ {+∞}, where B˜ := BXl , and
• Y dominates Xi.
Assume that the germ (Xi/Z ∋ z,BXi) is constructed for some i ≥ 1. If
P(Xi/Z ∋ z,BXi) * P˜ ∪ {+∞}, then exists a closed point xi ∈ π
−1
i (z),
such that 0 < ai := pld(Xi ∋ xi, BXi) ∈ (limPld(Γ˜))
τ and (Xi, BXi) is dlt
near xi, where πi is the morphism Xi → Z. There exist bi ∈ limPld(ǫ
′, Γ˜)∪
{0}, and a prime divisor Ei over Xi, such that CenterXiEi = {xi}, bi <
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a(Ei,Xi, BXi) = ai < bi+τ , and the minimal resolution fi : Yi → Xi factors
through pi : Wi → Xi, where pi is the extraction of Ei. Let
KWi +BWi + (1− ai)Ei = p
∗
i (KXi +BXi),
where BWi is the strict transform of BXi . Since (Wi/Z ∋ z,BWi+(1−ai)Ei)
is (ǫ,R)-complementary and −(KWi + BWi + (1 − ai)Ei) is semiample over
Z, by Lemma 3.12, there exists an R-Cartier divisor GWi ≥ 0 such that
(Wi/Z ∋ z,BWi + (1 − ai)Ei + GWi) is an (ǫ,R)-complement of (Wi/Z ∋
z,BWi + (1 − ai)Ei) and ⌊BWi + (1 − ai)Ei + GWi⌋ = ⌊BWi + (1 − ai)Ei⌋.
By Theorem 5.8, (Wi/Z ∋ z,BWi + (1− bi)Ei) is (ǫ,R)-complementary and
−(KWi +BWi + (1− bi)Ei) has a unique good minimal model Xi+1 over Z,
such that−(KXi+1+BXi+1) is semiample over Z, whereBXi+1 := (qi)∗(BWi+
(1−bi)Ei) and qi :Wi → Xi+1. It follows that (Xi+1/Z ∋ z,BXi+1) is (ǫ,R)-
complementary. As 1− bi ∈ P0 ⊆ Γ˜, BXi+1 ∈ Γ˜. Since Y dominates Xi and
Yi dominates Wi and Xi+1, Y dominates Xi+1.
Let
d(Xi, BXi) :=
∑
r∈Γ˜
|{E | a(E,Xi, BXi) > 1− r,E ∈ Bi}|,
where Bi := E(fi) ∪ Supp(fi)
−1
∗ BXi , and E(fi) is the set of exceptional
divisors of fi. It is clear that d(Xi, BXi) < +∞ since both Bi and Γ˜ are
finite sets.
Let ρi := ρ(Yi). Then ρi+1 ≤ ρi as Yi is a resolution of Xi+1. We will
prove the following claim.
Claim 5.16. If ρi = ρi+1, then d(Xi, BXi)− 1 ≥ d(Xi+1, BXi+1).
Assume that the claim holds, then P(Xl/Z ∋ z,BXl) ⊆ P˜ ∪ {+∞} for
some positive integer l and we are done.
Proof of the Claim. If ρi = ρi+1, then Yi is the minimal resolution of Xi+1
and Yi = Yi+1. Since 1 − bi ∈ P0 ⊆ Γ˜, bi = a(Ei,Xi+1, BXi+1) <
a(Ei,Xi, Bi), and (Xi+1, BXi+1) is a non-positive birational model of
(Xi, BXi), it suffices to show that Bi = Bi+1.
Since Yi is the minimal resolution of Xi+1, any exceptional divisor of
Wi → Xi+1 belongs to E(fi+1), and E(fi) ⊆ E(fi+1) ∪ {Ei}. It suffices to
show that any exceptional divisor Fi of Wi → Xi+1 belongs to SuppBWi .
Assume that Fi is contracted in some step of −(KWi + BWi + (1 − bi)Ei)-
MMP, φ :W ′i →W
′′
i (here we still denote the divisor by Fi). Since Yi is the
minimal resolution of W ′′i and Fi is exceptional over W
′′
i , there exists c ≥ 0
such that
KW ′
i
+ cFi = φ
∗KW ′′
i
.
By the negativity lemma, F 2i < 0, andKW ′i ·Fi ≥ 0. Since−(KWi+BWi+(1−
ai)Ei) = −p
∗
i (KXi+BXi) is nef over Z and −(KW ′i+BW ′i+(1−bi)E
′
i)·Fi < 0,
Ei · Fi > 0 and
(KW ′i +BW ′i + (1− t)EW ′i ) · Fi = 0,
Boundedness of (ǫ, n)-Complements for Surfaces 35
for some t ∈ (bi, ai], where BW ′i and EW ′i are the strict transforms of BWi
and Ei on W
′
i respectively. Therefore, BW ′i · Fi < 0 which implies that
Fi ⊆ SuppBW ′i . 
Step 2. According to Lemma 5.12, there exists a finite set Pˆ depending
only on Γ˜ and P˜ and such that a(E, X˜, B˜) ∈ Pˆ for any prime divisor E ∈ e(z)
with a(E, X˜, B˜) ≤ 1. Let
Γˆ :=Γ˜ ∪ ({1− α ≥ 0 | α ∈ Pˆ} ∩ (Q+ SpanQ≥0 Γ˜))
⊆[0, 1] ∩ (Γ˜ ∪ (Q+ SpanQ≥0 Γ˜)))
⊆[0, 1] ∩ (Q+ SpanQ≥0(Γ¯)).
We will show that Γˆ has the required properties.
We may write KY +BY := h
∗(KX˜+B˜), where h is the morphism Y → X˜.
Since Y → X is the minimal resolution of X and (X˜, B˜) is a non-positive
birational model of (X,B), BY is a boundary and BY ∈ Γˆ. Since KY +BY is
the crepant pullback of KX˜+B˜, it satisfies (1), (3), (4), and we are done. 
Definition 5.17. A curve C on X/Z is called extremal if it generates an
extremal ray R of NE(X) which defines a contraction morphism X → Y/Z
and if for some ample divisor H, we have H · C = min{H · Σ | Σ ∈ [R]},
where Σ ranges over curves generating R.
We will need the following lemma. The proof is very similar to that of
[HL18, Proposition 2.9], see also [Sho96,Sho09,Bir11].
Lemma 5.18. Let I, d,m be three positive integers, v := (v01 , . . . , v
0
m) ∈ R
m
a point, V ⊆ Rm the rational envelope of v, L ⊆ V a rational polytope,
vj := (v
j
1, . . . , v
j
m) the vertices of L. Then there exists an open set U ∋ v of
V depending only on I, d,m,v and vj satisfying the following.
Assume that (X,B :=
∑m
i=1 v
0
iBi) is an lc pair of dimension d, and X →
Z is a contraction such that
• Bi ≥ 0 is a reduced Weill divisor for any i,
• (X,Bj :=
∑m
i=1 v
j
iBi) is lc for any j,
• I(KX +B
j) is Cartier for any j, and
• −(KX +B) is nef over Z.
Then −(KX +
∑m
i=1 uiBi) is nef over Z for any (u1, . . . , um) ∈ U .
Proof. For any curve C0 such that (KX + B) · C0 = 0, we have −(KX +∑m
i=1 uiBi) · C0 = 0 for any (u1, . . . , um) ∈ V as V is the rational envelope
of v. Thus it suffices to show that there exists an open set U of V , such that
if (KX +B) ·R < 0 for some extremal ray R, then (KX +
∑m
i=1 uiBi) ·R < 0
for any (u1, . . . , um) ∈ U .
If v ∈ Qm, then V = {v} and there is nothing to prove. Thus we may
assume that v /∈ Qm. We may find positive real numbers aj and lc pairs
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(X,Bj) with such that
∑
aj = 1, and
KX +B =
∑
aj(KX +B
j).
By the cone theorem, there is a curve Σj generating R such that (KX +
Bj) ·Σj ≥ −2d for any j. Let C be an extremal curve of R, and H an ample
Cartier divisor, such that H · C = min{H · Σ | Σ ∈ [R]}.
Since both C and Σj generate R, we have
(KX +B
j) · C = ((KX +B
j) · Σj)
(
H · C
H · Σj
)
≥ −2d,
for any j. Thus
0 > (KX +B) · C =
∑
aj(KX +B
j) · C
≥ −
∑
j 6=j0
aj · 2d+ aj0(KX +B
j0) · C ≥ −2d+ aj0(KX +B
j0) · C,
for any j0. Since I(KX + B
j0) is Cartier, there are only finitely many
possibilities for the numbers aj0(KX +B
j0) ·C, and hence for (KX +B) ·C.
Thus there is a positive real number α which only depends on I, d,m,v and
vj, such that (KX +B) · C < −α.
Let ||.|| be a norm on V , Fv the set of faces of L which does not contain
v, and β := dist(Fv ,v). Let δ :=
αβ
2d . We claim that
U := {u | u ∈ V, ||v − u|| < δ}
has the required properties. Suppose on the contrary that there exist a pair
(X/Z,B :=
∑m
i=1 v
0
iBi) satisfying the conditions, an extremal curve C1 and
D :=
∑m
i=1 ciBi with (c1, . . . , cm) ∈ U such that (KX + B) · C1 < 0 while
(KX +D) ·C1 ≥ 0. Let R
′
1 be the ray going from D to B, and let D
′ be the
intersection point of R′1 and ∂L. We have
(KX +D
′) · C1 ≤
β + δ
δ
(KX +B) · C1 < −(1 +
2d
α
)α < −2d,
which contradicts the cone theorem. 
Lemma 5.19. Let ǫ be a non-negative real number, Γ ⊆ [0, 1] and P ⊆ [0, 1]
two finite sets. Then there exist finite sets Γ1 ⊆ (0, 1],Γ2 ⊆ [0, 1] ∩Q,M⊆
Q≥0 and a positive integer I depending only on Γ,P and ǫ satisfying the
following.
Assume that (X/Z ∋ z,B) is a Q-factorial surface germ such that
• B ∈ Γ,
• −(KX +B) is semiample over Z,
• P(X/Z ∋ z,B) ⊆ P ∪ {+∞}, and
• (X/Z ∋ z,B) is (ǫ,R)-complementary.
Possibly shrinking Z near z, there exist ai ∈ Γ1, B
i ∈ Γ2 and ǫi ∈ M such
that
(1)
∑
ai = 1,
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(2)
∑
aiǫi ≥ ǫ,
(3) KX +B =
∑
ai(KX +B
i),
(4) (X/Z ∋ z,Bi) is (ǫi,R)-complementary for any i,
(5) −I(KX +B
i) is Cartier and semiample over Z for any i, and
(6) if ǫ ∈ Q, then ǫ = ǫi for any i, and if ǫ 6= 1, then ǫi 6= 1 for any i.
Proof. Possibly shrinking Z near z, by Corollary 4.10 and Lemma 5.18, there
exist a positive integer I, a finite set Γ1 of positive real numbers and two
finite sets Γ2,M of non-negative rational numbers depending only on Γ,P
and ǫ such that there exist ai ∈ Γ1, Bi ∈ Γ2 and ǫi ∈ M satisfying (1)–(3),
(5)–(6). Moreover, (X/Z ∋ z,Bi) is ǫi-lc over z for any i. It suffices to show
that (X/Z ∋ z,Bi) is (ǫi,R)-complementary over z for any i.
By Lemma 3.12, (X/Z ∋ z,B) has an (ǫ,R)-complement (X/Z ∋ z,B+G)
such that ⌊B + G⌋ = ⌊B⌋. Possibly shrinking Z near z, by Lemma 5.7,
−(KX+B
i) ∼R,Z ui(KX +∆i) for some positive real number ui and surface
pair (X,∆i).
By the relative abundance theorem for Q-factorial log surfaces [Fuj12,
Theorem 8.1], −(KX + B
i) is semiample over Z for any i. The lemma
follows from Lemma 3.12. 
Theorem 5.20. Theorem 2.1 holds for the case when dim z = 0.
Proof. According to Theorem 5.15, there exists a finite set Γˆ ⊆ [0, 1]
depending only on Γ and ǫ, such that there exists a boundary BY on the
minimal resolution Y of X satisfying properties (1)–(4) in Theorem 5.15.
By Lemma 5.19, there exist a finite set Γ1 ⊆ (0, 1] and two finite sets
Γ2,M of non-negative rational numbers depending only on Γˆ and Pˆ such
that
•
∑
ai = 1,
•
∑
aiǫi ≥ ǫ,
• KY +BY =
∑
ai(KY +B
i
Y ),
• (Y/Z ∋ z,BiY ) is (ǫi,R)-complementary for any i, and
• if ǫ ∈ Q, then ǫ = ǫi for any i, and if ǫ 6= 1, then ǫi 6= 1 for any i,
for some ai ∈ Γ1, B
i
Y ∈ Γ2 and ǫi ∈ M.
Let Bi be the strict transform of BiY on X, then B
i ∈ Γ2 and (X/Z ∋
z,Bi) is (ǫi,R)-complementary for any i. Since (Y/Z ∋ z,BY ) is a non-
positive birational model of (X/Z ∋ z,B),
∑
ai(KX +B
i) ≥ KX +B. 
5.3. Proof of Theorem 2.1.
Lemma 5.21. Suppose that (X/Z ∋ z,B) is lc over z. Then there exists
an open subset U of Z such that U ∩ z¯ 6= ∅ and
mld(X/Z ∋ zcp, B) = mld(X/Z ∋ z,B) + dim z
for any closed point zcp ∈ z¯ ∩ U.
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When X = Z and X → Z is the identity map, we obtain [Amb99,
Proposition 2.3]. The proof of Lemma 5.21 is similar to that of [Amb99,
Proposition 2.3].
Proof. We may assume that (X,B) is lc and dim z > 0. Let g : Y → X be
a log resolution of (X,B),
KY +BY := KY +
∑
i∈I
(1− ai)Bi = g
∗(KX +B),
such that
∑
i∈I Bi is snc, Bi are distinct prime divisors, 1 ∈ I, µ(B1) = z¯,
a1 = mld(X/Z ∋ z,B1), and for each i ∈ I\{1}, Bi is either the strict
transform of an irreducible component of SuppB or a g-exceptional divisor,
where ai := a(Bi,X,B). Let µ = π ◦ g, where π is the morphism X → Z.
Possibly replacing Y by a higher model, and shrinking Z near z, we may
further assume that
• there exists a non-empty subset Iz ⊆ I such that µ(Bi) = z¯ for any
i ∈ Iz,
• either dim z = dimZ and I = Iz or dim z < dimZ and µ
−1(z¯) =⋃
i∈Iz
Bi, and
• for any J ⊆ I and any connected component C of ∩i∈JBi, either
z¯ ⊆ µ(C) or z¯ ∩ µ(C) = ∅.
Let S be the set of connected components C of ∩i∈JBi, such that µ(C) =
z¯ for some J ⊆ I. Since the flat locus of µ is an open subset, and any
flat morphism is open, there exists an open subset U of Z, such that the
dimension of any fiber of µ|C∩µ−1U : C ∩ µ
−1U → z¯ ∩U is equal to dimC −
dim z for any C ∈ S.
We claim that U has the required properties. We first show that
mld(X/Z ∋ zcp, B) ≥ dim z +mld(X/Z ∋ z,B)
for any closed point zcp ∈ z¯ ∩ U. For any point y ∈ µ
−1(zcp), let I(y) :=
{i ∈ I | y ∈ Bi}, and Cy the unique connected component of ∩i∈I(y)Bi
containing y.
If dimZ = dim z and |I(y)| = 0, then mld(X/Z ∋ z,B) ≤ 1 ≤ dimX −
dim z and mld(Y ∋ y,BY ) = dimX ≥ dim z+mld(X/Z ∋ z,B). Otherwise,
|I(y)| > 0, and there exist j ∈ Iz and Cy ∈ S, such that y ∈ Cy ⊆ Bj . Thus
dim y ≤ dim(Cy ∩ µ
−1(zcp)) = dimCy − dim z.
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By Lemma 3.3, we have
mld(Y ∋ y,BY ) = dimX − dim y −
∑
i∈I(y)
(1− ai)
≥ dimX − dimCy + dim z − |I(y)|+
∑
i∈I(y)
ai
= dim z +
∑
i∈I(y)
ai ≥ dim z + aj
≥ dim z +mld(X/Z ∋ z,B).
Thus mld(X/Z ∋ zcp, B) ≥ dim z +mld(X/Z ∋ z,B).
It suffices to show that
mld(X/Z ∋ zcp, B) ≤ dim z +mld(X/Z ∋ z,B)
for any closed point zcp ∈ z¯ ∩ U.
Let y be the generic point of an irreducible component of B1 ∩ µ
−1(zcp)
of maximal dimension, i.e., dim y = dimB1 − dim z = dimX − 1 − dim z.
Since
dimX − 1− dim z = dim y ≤ dimCy − dim z ≤ dimX − 1− dim z,
and the equalities hold if and only if I(y) = {1}. By Lemma 3.3, we have
mld(X/Z ∋ zcp, B) ≤ mld(Y ∋ y,KY +BY )
= dimX − dim y − (1− a1)
= dim z +mld(X/Z ∋ z,B).

Conjecture 5.22 ([Amb99, Conjecture 2.4], LSC for MLDs). For any pair
(X,B) and non-negative integer d, the function
x 7→ mld(X ∋ x,B)
is lower semi-continuous for d-dimensional points x ∈ X.
Conjecture 5.22 is known for dimX ≤ 3 [Amb99, Proposition 2.5,Theorem
0.1].
Conjecture 5.23 (LSC for relative MLDs). For any pair (X/Z ∋ z,B) and
non-negative integer d, the function
z 7→ mld(X/Z ∋ z,B)
is lower semi-continuous for d-dimensional points z ∈ Z.
Lemma 5.24. Let f : X → Z be a proper morphism, zi a sequence of
d-dimensional points, xi ∈ f
−1(zi) a sequence of d0-dimensional points.
Suppose that z ∈ {zi} is a d-dimensional point, then there exists a d0-
dimensional point x ∈ {xi} ∩ f
−1(z).
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Proof. We prove the lemma by induction on the dimension of X. By the
upper semi-continuity of fiber dimensions, dim f−1(z) ≥ d0. Let X0 := {xi}.
If X0 = X, then for any d0-dimensional point x ∈ f
−1(z), x ∈ {xi}. In
particular, the lemma holds when dimX = 1. If dimX0 < dimX, then
replacing X by X0, we are done by the induction. 
Proposition 5.25. Conjecture 5.22 implies Conjecture 5.23. In particular,
Conjecture 5.23 holds when dimX ≤ 3.
Proof. Suppose that there exists a sequence of d-dimensional points zi ∈ Z,
such that z ∈ {zi}, dim z = d, and limi→+∞mld(X/Z ∋ zi, B) < mld(X/Z ∋
z,B). Let xi ∈ X, such that mld(X ∋ xi, B) = mld(X/Z ∋ zi, B).
Possibly passing to a subsequnce, we may assume that xi is a sequence
of d0-dimensional points. By Lemma 5.24, there exists a d0-dimensional
point x ∈ {xi} ∩ f
−1(z). By Conjecture 5.22,
lim
i→+∞
mld(X/Z ∋ zi, B) = lim
i→+∞
mld(X ∋ xi, B)
≥ mld(X ∋ x,B) ≥ mld(X/Z ∋ z,B),
a contradiction. 
Proposition 5.26. Problem 7.7 for the case when dim z = 0 implies
Problem 7.7.
Proof. By Lemma 5.21, there exists an open subset U1 of Z, such that
U1 ∩ z¯ 6= ∅ and
mld(X/Z ∋ zcp, B) = mld(X/Z ∋ z,B) + dim z
for any closed point zcp ∈ z¯∩U1. Since we assume that Problem 7.7 holds for
the case when dim z = 0, there exist a finite set Γ1 of positive real numbers,
two finite sets Γ2,M of non-negative rational numbers such that
•
∑
ai = 1,
•
∑
aiǫi ≥ ǫ,
•
∑
ai(KX +B
i) ≥ KX +B, and
• (X/Z ∋ zcp, B
i) is (ǫi + dim z,R)-complementary for any i,
for some ai ∈ Γ1, B
i ∈ Γ2 and ǫi ∈ M.
Let (X/Z ∋ zcp, B
i + Gi) be an (ǫi + dim z,R)-complement of (X/Z ∋
zcp, B
i). By Lemma 5.21 again, there exists an open subset U2 of Z, such
that U2 ∩ z¯ 6= ∅ and
mld(X/Z ∋ z′cp, B
i +Gi) = mld(X/Z ∋ z,Bi +Gi) + dim z
for any closed point z′cp ∈ z¯ ∩ U2 and any i.
By Proposition 5.25, there exists a closed point z′cp ∈ z¯ ∩ U2, such that
mld(X/Z ∋ z′cp, B
i + Gi) ≥ mld(X/Z ∋ zcp, B
i + Gi) ≥ dim z + ǫi for
any i. Hence mld(X/Z ∋ z,Bi + Gi) ≥ ǫi and (X/Z ∋ z,B
i) is (ǫ,R)-
complementary for any i 
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Proof of Theorem 2.1. Theorem 2.1 follows from Theorem 5.20 and Propo-
sition 5.26. 
6. Proofs of main results
6.1. Diophantine approximation.
Lemma 6.1. Let p0, l, c be positive integers, ǫ1 a positive real number, r0 =
(r1, . . . , rc) ∈ Rc a point, such that r0 = 1, r1, . . . , rc are linearly independent
over Q, and e = (e1, . . . , ec) ∈ Rc a nonzero vector. Then there exist a
positive integer n0, and a point r
′
0 = (r
′
1, . . . , r
′
c) ∈ R
c, such that
(1) p0|n0,
(2) n0r
′
0 ∈ lZ
c,
(3) ||r0 − r
′
0||∞ <
ǫ1
n0
, and
(4) ||
r0−r′0
||r0−r′0||∞
− e||e||∞ ||∞ < ǫ1.
Proof. Without loss of generality, we may assume that e ∈ Rc≥0 and e1 =
||e||∞ > 0. Let α1 =
1
2lǫ1. Since 0 ≤ ei ≤ e1 for any 2 ≤ i ≤ c, we may pick
positive real numbers αi, such that αi < α1, and
|
αi
α1
−
ei
e1
| < ǫ1
for any 2 ≤ i ≤ c.
By the continuity of functions αi+x
α1−x
and αi−x
α1+x
, there exists a positive real
number ǫ2, such that ǫ2 < αi < α1 − 2ǫ2 for any 2 ≤ i ≤ c, and
max
1≤i≤c
{|
αi + ǫ2
α1 − ǫ2
−
ei
e1
|, |
αi − ǫ2
α1 + ǫ2
−
ei
e1
|} < ǫ1.
Let α = (α1, . . . , αc). By Kronecker’s theorem or Weyl’s equidistribution
theorem, there exist a positive integer n1, and a point β = (β1, . . . , βc) ∈ Zc,
such that
||
n1p0r0
l
− β −α||∞ < ǫ2.
We will show that n0 := n1p0 and r
′
0 :=
l
n0
β have the required properties.
It is clear that p0|n0, n0r
′
0 ∈ lZ
c, and
0 <
l
n0
(αi − ǫ2) < ri − r
′
i =
l
n0
(
n1p0ri
l
− βi) <
l
n0
(αi + ǫ2) <
ǫ1
n0
for any 1 ≤ i ≤ c. In particular, ri− r
′
i <
l
n0
(αi+ ǫ2) <
l
n0
(α1− ǫ2) < r1− r
′
1
for any 2 ≤ i ≤ c. Hence ||r0 − r
′
0||∞ = r1 − r
′
1 <
ǫ1
n0
, and
||
r0 − r
′
0
||r0 − r′0||∞
−
e
||e||∞
||∞ = max
1≤i≤c
{|
ri − r
′
i
r1 − r′1
−
ei
e1
|}
≤ max
1≤i≤c
{|
αi − ǫ2
α1 + ǫ2
−
ei
e1
|, |
αi + ǫ2
α1 − ǫ2
−
ei
e1
|} < ǫ1.

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Lemma 6.2. Let ǫ be a non-negative real number, n0 a positive integer, Γ ⊆
[0, 1],Γ1 ⊆ (0, 1],Γ2 ⊆ [0, 1] ∩ Q,M ⊆ Q≥0 finite sets such that n0Γ2 ⊆ Z.
Then there exists a positive integer n depending only on ǫ, n0,Γ,Γ1,Γ2 and
M satisfying the following.
Assume that ai ∈ Γ1, bij ∈ Γ2 and ǫi ∈ M (1 ≤ i ≤ k, 1 ≤ j ≤ s) such
that
•
∑k
i=1 ai = 1,
•
∑k
i=1 aiǫi ≥ ǫ, and
•
∑k
i=1 aibij ∈ Γ for any 1 ≤ j ≤ s.
Then there exists a point a′ = (a′1, . . . , a
′
k) ∈ R
k
>0 such that
(1) n0|n,
(2)
∑k
i=1 a
′
i = 1,
(3) na′ ∈ n0Zk,
(4)
∑k
i=1 a
′
iǫi ≥ ǫ, and
(5) n
∑k
i=1 a
′
ibij = n⌊
∑k
i=1 aibij⌋ + ⌊(n + 1){
∑k
i=1 aibij}⌋ for any 1 ≤
j ≤ s.
Moreover, if there exist real numbers r0 = 1, . . . , rc which are linearly
independent over Q such that Γ ∪ {ǫ} ⊆ SpanQ≥0({r0, . . . , rc}), then we can
additionally require that
∑k
i=1 a
′
ibij ≥
∑k
i=1 aibij for any 1 ≤ j ≤ s.
Proof. There exist positive integers c, l,M , a point r0 = (r1, . . . , rc) ∈ Rc,
and Q-linear functions ai(r) : Rc → R depending only on Γ1 such that
r0 = 1, r1, . . . , rc are linearly independent over Q,Γ1 ⊆ SpanQ({r0, . . . , rc}),
ai(r0) = ai, lai(r) is a Z-linear function and
|ai(r)− ai(0)| ≤M ||r||∞
for any i, where 0 = (0, . . . , 0) ∈ Rc.
Since ǫ(r) :=
∑k
i=1 ǫiai(r) is a Q-linear function, there exist a point
e ∈ Rc and a positive real number ǫ′ such that ǫ(r) ≥ ǫ(r0) ≥ ǫ
for any r ∈ Rc satisfying || r0−r||r0−r||∞ −
e
||e||∞
||∞ < ǫ
′. Moreover, if Γ ∪
{ǫ} ⊆ SpanQ≥0({r0, . . . , rc}), then we can additionally require that bj(r) ≥
bj(r0) =
∑k
i=1 aibij for any 1 ≤ j ≤ s and r ∈ R
c satisfying the same
conditions, where bj(r) :=
∑k
i=1 bijai(r).
Let ǫ′′ be a positive real number such that
ǫ′′ < min
γ1∈Γ,γ2∈Γ1
{γ1 > 0, 1 − γ1 > 0, γ2, 1},
and ǫ′′′ a positive real number such that ǫ′′′ < min{ ǫ
′′2
M
, ǫ′}. By Lemma 6.1,
there exist an integer n and a point r′0 ∈ R
c, such that
• ln0|n,
• nr′0 ∈ ln0Z
c,
• ||r0 − r
′
0||∞ <
ǫ′′′
n
, and
• ||
r0−r′0
||r0−r′0||∞
− e||e||∞ ||∞ < ǫ
′′′.
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Let a′i = ai(r
′
0) for any 1 ≤ i ≤ k and a
′ = (a′1, . . . , a
′
k). Since
∑k
i=1 ai = 1
and 1, r1, . . . , rc are linearly independent over Q,
∑k
i=1 ai(r) = 1 for any r ∈
Rc. In particular,
∑k
i=1 a
′
i = 1. Moreover, we have na
′
i = n0
n
ln0
lai(r
′
0) ∈ n0Z
for any 1 ≤ i ≤ k, and
||a − a′||∞ ≤M ||r0 − r
′
0||∞ < M
ǫ′′′
n
<
ǫ′′2
n
,
where a := (a1, . . . , ak). In particular, a
′
i are positive real numbers, since
a′i ≥ ai − |ai − a
′
i| ≥ ai − ||a− a
′||∞ > ai −
ǫ′′2
n
> 0.
We have
∑k
i=1 a
′
iǫ = ǫ(r
′
0) ≥ ǫ, since ||
r0−r′0
||r0−r′0||∞
− e||e||∞ ||∞ < ǫ
′′′ < ǫ′.
It suffices to show (5). If
∑k
i=1 aibij = 1 for some j, then bij = 1 for
any 1 ≤ i ≤ k as
∑k
i=1 ai = 1 and 1 ≥ bij ≥ 0. Thus
∑k
i=1 a
′
ibij = 1.
Hence we may assume that 1 >
∑k
i=1 aibij > 0 and
∑k
i=1 a
′
ibij < 1. Since
n
∑k
i=1 a
′
ibij =
∑k
i=1
n
n0
a′i · (n0bij) ∈ Z, we only need to show that
n
k∑
i=1
a′ibij + 1 > (n+ 1)
k∑
i=1
aibij ≥ n
k∑
i=1
a′ibij.
The above inequalities hold since
∑k
i=1 aibij ∈ Γ, kǫ
′′ <
∑k
i=1 ai = 1, and
n
k∑
i=1
|a′i − ai|bij < nk ·
ǫ′′2
n
< ǫ′′ < min{
k∑
i=1
aibij , 1−
k∑
i=1
aibij}.
If Γ∪{ǫ} ⊆ SpanQ≥0({r0, . . . , rc}), then by our choice of a
′,
∑k
i=1 a
′
ibij =
bj(r
′
0) ≥ bj(r0) =
∑k
i=1 aibij for any 1 ≤ j ≤ s. 
Lemma 6.3. Let D be a compact convex set in Rn, then there exist n + 1
points v1, . . . ,vn+1 in Rn, such that D is contained in the interior of convex
hull of v1, . . . ,vn+1.
Moreover, there exists a positive real number ǫ, such that for any
v′1, . . . ,v
′
n+1 ∈ R
n, if ||vi − v
′
i|| < ǫ for any 1 ≤ i ≤ n + 1, then D in
contained in the convex hull of v′1, . . . ,v
′
n+1.
Proof. Since D is a bounded set, there exists a positive real numberM , such
that
D ⊆ {(x1, . . . , xn) ∈ R
n | n
n∑
i=1
|xi| < M}.
Let vn+1 := (−3M, . . . ,−3M) and vi := (0, . . . , 3M, . . . , 0) for 1 ≤ i ≤ n,
where 3M is the i-th coordinate.
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For any point b = (b1, . . . , bn) ∈ D, there exists a positive real number
0 < a < 13n , such that 3aM + bi ≥ 0 for any 1 ≤ i ≤ n. We have
b =
n∑
i=1
3aM + bi
3M
vi + avn+1 + (1− a−
n∑
i=1
3aM + bi
3M
)(
1
n+ 1
n+1∑
i=1
vi).
Since
a+
n∑
i=1
3aM + bi
3M
<
1
3
+
2M
3M
= 1,
D is contained in the interior of convex hull V of v1, . . . ,vn+1. Let d =
dist(∂V,D) > 0. Since d is a continuous function of v1, . . . ,vn+1, there
exists a positive real number ǫ, such that for any ||vi − v
′
i|| < ǫ, d
′ =
dist(∂V ′,D) > 0, where V ′ is the convex hull of v′1, . . . ,v
′
n+1. In particular,
D in contained in the convex hull of v′1, . . . ,v
′
n+1. 
Lemma 6.4. Let Γ be a set of non-negative real numbers. Then the
following are equivalent.
(1) For any finite set Γ0 of Γ, there exist real numbers r0 = 1, r1, . . . , rc
which are linearly independent over Q, such that
Γ0 ⊆ SpanQ≥0({r0, r1, . . . , rc}),
(2) SpanQ≥0(Γ\Q) ∩ (Q\{0}) = ∅.
Moreover, if Γ satisfies one of the above two conditions and Γˆ ⊆ [0, 1]∩ (Q+
SpanQ≥0(Γ)) for some finite set Γˆ, then Γˆ also satisfies one of the above two
conditions.
Proof. Suppose that Γ satisfies (1). For any a ∈ SpanQ≥0(Γ\Q) ∩ (Q\{0}),
there exist positive rational numbers λi, and αi ∈ Γ\Q, such that a =∑m
i=1 λiαi. By (1), there exist positive real numbers r0 = 1, r1, . . . , rc which
are linearly independent over Q, such that αi ∈ SpanQ≥0({r0, r1, . . . , rc}) for
any 1 ≤ i ≤ m. Since a ∈ Q, αi ∈ SpanQ≥0({r0, r1, . . . , rc}) ∩ (Γ\Q) for any
1 ≤ i ≤ m, which implies that a = 0, a contradiction.
Suppose that Γ satisfies (2). For any finite set Γ0 = {α1, . . . , αm} of Γ,
there exist positive real numbers 1, r′1, . . . , r
′
c which are linearly independent
over Q, such that Γ0 ⊆ SpanQ({1, r
′
1, . . . , r
′
c}). Let r
′ = (r′1, . . . , r
′
c). Then
there exist a′1, . . . ,a
′
m ∈ Q
c, such that αi − ai
′ · r′ ∈ Q for any 1 ≤ i ≤ m.
Possibly reordering the indices, we may assume that α1, . . . , αm′ /∈ Q and
αm′+1, . . . , αm ∈ Q for some 0 ≤ m′ ≤ m. Then a′1, . . . ,a
′
m′ 6= 0 and
a′m′+1 = . . . = a
′
m = 0, where 0 = (0, 0, . . . , 0).
If m′ = 0, then c = 0, Γ0 is a finite set of rational numbers, and r0 = 1, (1)
holds. Thus we may assume m′ ≥ 1.
Suppose that 0 belongs to the convex hull of {a′1, . . . ,a
′
m′}. There exist
non-negative rational numbers λi, such that
∑m′
i=1 λi = 1, and
∑m′
i=1 λia
′
i =
0. Then
∑m′
i=1 λia
′
i·r
′ = 0·r′ = 0 and 0 6=
∑m′
i=1 λiαi =
∑m′
i=1 λi(αi−ai
′·r′) ∈
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Q, which contradicts SpanQ≥0(Γ\Q)∩(Q\{0}) = ∅. Hence 0 does not belong
to the convex hull of {a′1, . . . ,a
′
m′}.
By Hahn-Banach theorem, there exist a rational point t ∈ Qc and a
rational number b > 0, such that the hyperplane H := {x ∈ Rc | t · x = b}
intersects the segment
−→
0a′i for any 1 ≤ i ≤ m
′. Let C be the convex cone
generated by
−−→
0a′1, . . . ,
−−−→
0a′m′ . Then C ∩H is a compact convex set in H. By
Lemma 6.3, there exist rational points v1, . . . ,vc ∈ H, such that C ∩ H is
contained in the convex hull of v1, . . . ,vc. Hence C is contained in the cone
generated by
−−→
0v1, . . . ,
−→
0vc. Since vj, a
′
i are rational points, there exist non-
negative rational numbers aij , such that a
′
i =
∑c
j=1 aijvj for any 1 ≤ i ≤ m
′.
Let rj = vj · r
′ and r = (r1, . . . , rc). Then
αi − ai
′ · r′ = αi −
c∑
j=1
aijvj · r
′ = αi −
c∑
j=1
aijrj ∈ Q
for any 1 ≤ i ≤ m′. Possibly replacing (r1, . . . , rc) by (r1 − t, . . . , rc − t) for
some rational numbers t≫ 0, we may assume that αi −
∑c
j=1 aijrj ≥ 0 for
any 1 ≤ i ≤ m′. Therefore αi ∈ SpanQ≥0({r0, . . . , rc}) for any 1 ≤ i ≤ m,
and we are done.
Finally, if Γ satisfies (1) and Γˆ ⊆ [0, 1]∩ (Q+SpanQ≥0(Γ)) for some finite
set Γˆ, then there exist a finite set Γ0 ⊆ Γ, and real numbers r
′
0 = 1, r
′
1, . . . , r
′
c
which are linearly independent over Q, such that
Γˆ ⊆ [0, 1] ∩ (Q+ SpanQ≥0(Γ0))
⊆ [0, 1] ∩ (Q+ SpanQ≥0({r
′
0, . . . , r
′
c}).
Since Γˆ is a finite set, there exists a rational real numbers t≫ 0, such that
Γˆ ⊆ SpanQ≥0({r0, . . . , rc}),
where ri := r
′
i − t for any 0 ≤ i ≤ c. 
6.2. Complements for surface germs.
Lemma 6.5. Let ǫ be a non-negative real number, M and I two positive
integers. Then there exists a positive integer n0 depending only on ǫ, I and
M satisfying the following.
Assume that (X/Z ∋ z,B) is a surface germ such that
• (X/Z ∋ z,B) is (ǫ,R)-complementary,
• −I(KX +B) is Cartier and semiample over Z, and
• either ǫ = 0 or the multiplicity of any fiber of any minimal elliptic
fibration of the minimal resolution of X over Z is bounded from
above by M .
Then (X/Z ∋ z,B) has a monotonic (ǫ, n0)-complement.
Proof. Possibly shrinking Z near z, we may assume that (X,B) is lc. Let f :
Y → X be the minimal resolution, and we may write KY +BY := f
∗(KX +
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B). Note that (Y/Z ∋ z,BY ) is (ǫ,R)-complementary and −I(KY + BY )
is Cartier and semiample over Z. Possibly replacing (X,B) by (Y,BY ), we
may assume that X is smooth. Let m be the smallest positive integer, such
that −m(KX+B) is base point free over Z. Let g : X →W be the morphism
defined by | −m(KX + B)|, possibly replacing g by its Stein factorization,
we may assume that g is a contraction. In the following, we either find a
positive integer m′ depending only on I and M such that −m′(KX + B)
is base point free over Z and hence (X/Z ∋ z,B) has a monotonic (ǫ,m′)-
complement by Lemma 3.12 or construct a monotonic complement directly.
(1) If dimW = 2, then KX + B = g
∗(KW + BW ), where BW is the strict
transform of B. Note that P(W/Z ∋ z,BW ) ⊆ (
1
I
Z≥0 ∩ [0, 1]) ∪ {+∞} is
a finite set. By Lemma A.5, the Cartier index of KW + BW is bounded
from above by I1. Since −(KW +BW ) is ample over Z, by [Fuj09, Theorem
2.2.4], there exists m1 which only depends on I1, such that −m1(KW +BW )
is base point free over Z. Hence −m1(KX +B) is base point free over Z.
(2) If dimW = 1, then by the canonical bundle formula [Kod60,Kod63],
either W = Z or dimZ = 0 and W is a curve of genus ≤ 1. Note that
any general fiber of X → W is P1 or an elliptic curve. In the former
case, we may run a KX-MMP over W and terminates with a Mori fiber
space X˜ → W . Since the MMP is (KX + B)-trivial, by the cone theorem,
I(KX˜ + B˜) is Cartier, where B˜ is the strict transform of B. By [Fuj09,
Theorem 2.2.4], there exists a positive integer m2 which only depends on I
such that −m2(KX˜ + B˜) is base point free over W . Hence −3m2(KX +B)
is base point free over Z (c.f. [Har77, IV.3.2]).
In the latter case, we may contract (−1) curves, and get a relatively
minimal elliptic fibration X˜ →W . Replacing X by X˜, we may assume that
g : X → W is a minimal elliptic fibration over Z. The canonical bundle
formula implies that
KX +B ∼ g
∗(KW + L+
∑
Qi∈Q
mQi − 1 + bi
mQi
Qi),
where bi ∈
1
I
Z≥0 ∩ [0, 1], L is a nef Cartier divisor on W and Q is the set
of closed points Q such that either g∗Q is a multiple fiber with multiplicity
mQ > 1 or Supp g
∗Q ⊆ SuppB. If mQ ≤ IM for any closed point Q ∈ W ,
then there exists a positive integer m′2 := I(IM)!, such that −m
′
2(KX +B)
is base point free over W . Hence −3m′2(KX + B) is base point free over
Z. If ǫ = 0, then we may assume that X → W has a multiple fiber
with multiplicity mQ1 > I. Let G :=
∑
Qi∈Q,mQi>1
1−bi
mQi
g∗Qi. By the
classification of minimal elliptic fibrations, (X,B + G) is lc. We will show
that (X/Z ∋ z,B + G) is a monotonic I-complement of (X/Z ∋ z,B). If
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W = Z, we have
I(KX +B +G) ∼ Ig
∗(KW + L+
∑
Qi∈Q,mQi>1
Qi +
∑
Qi∈Q,mQi=1
biQi).
Suppose that dimZ = 0, then W is P1. By [Fuj90, Proposition 1.1], L is a
Cartier divisor of degree 1, and X → W has only one multiple fiber. Since
mQ1 > I and (X,B) is R-complementary,
deg(KW+L+
∑
Qi∈Q
mQi − 1 + bi
mQi
Qi) = −1+
mQ1 − 1 + b1
mQ1
+
∑
Qi∈Q,mQi=1
bi ≤ 0,
and
∑
mQi=1,Qi∈Q
bi=0. Hence
KX +B +G ∼ g
∗(KW + L+Q1) ∼ 0.
(3) If dimW = 0, then there exists a positive integer m3 which only depends
on I such that m3(KX +B) ∼ 0 (c.f. [PS09, Corollary 1.11]).
Let n0 := 3m1m2m
′
2m3I, and we are done. 
Theorem 6.6. Theorem 1.6 holds for the case when dim z = 0.
Proof. According to Theorem 5.15, we may assume that Γ is a finite set,
−(KX +B) is semiample over a neighborhood of z,X is smooth and either
ǫ = 0 or the multiplicity of any fiber of any minimal elliptic fibration of X
over Z is bounded from above by M . Possibly shrinking Z near z, we may
assume that −(KX +B) is semiample over Z.
By Lemma 5.19, there exist a finite set Γ1 ⊆ (0, 1], two finite sets
Γ2 ⊆ [0, 1] and M of non-negative rational numbers and a positive integer
I depending only on Γ and ǫ, such that
•
∑
aiǫi ≥ ǫ,
• KX +B =
∑
ai(KX +B
i),
• (X/Z ∋ z,Bi) is (ǫi,R)-complementary for any i, and
• −I(KX +B
i) is Cartier and semiample over Z for any i,
for some ai ∈ Γ1, B
i ∈ Γ2 and ǫi ∈ M. By Lemma 6.5, there exists a positive
integer n0 which only depends on ǫi, I and M such that (X/Z ∋ z,B
i) has
an (ǫi, n0)-complement (X/Z ∋ z,B
i+Gi) for some Q-Cartier divisor Gi ≥ 0
and any i. Let G :=
∑
aiG
i.
By Lemma 6.2, there exists a positive integer n depending only on
ǫ, p, n0,Γ, Γ1,Γ2,M such that there exist positive rational numbers a
′
i with
the following properties:
• pn0|n,
•
∑
a′i = 1,
•
∑
a′iǫi ≥ ǫ,
• na′i ∈ n0Z for any i, and
• nB′ ≥ n⌊B⌋+ ⌊(n+ 1){B}⌋, where B′ :=
∑
a′iB
i.
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Let G′ :=
∑
a′iG
i, then
n(KX+B
′+G′) = n
∑
a′i(KX+B
i+Gi) =
∑ a′in
n0
·n0(KX+B
i+Gi) ∼Z 0
and
a(E,X,B′ +G′) =
∑
a′i(E,X,B
i +Gi) ≥ a′iǫi ≥ ǫ
for any E ∈ e(z). Hence (X/Z ∋ z,B′ + G′) is an (ǫ, n)-complement of
(X/Z ∋ z,B).
Moreover, if SpanQ≥0(Γ¯∪ {ǫ}\Q)∩ (Q\{0}) = ∅, then B
′ ≥ B by Lemma
6.2 and Lemma 6.4. 
6.3. Proofs of Theorem 1.6, Corollary 1.8 and Theorem 1.9.
Proposition 6.7. Let n be a positive integer, ǫ a non-negative real number
and (X/Z ∋ z,B) an (ǫ,R)-complementary pair. Suppose that for any closed
point zcp ∈ z¯, if (X/Z ∋ zcp, B) is (ǫ + dim z,R)-complementary, then
(X/Z ∋ zcp, B) has an (ǫ + dim z, n)-complement (X/Z ∋ zcp, B
+
zcp
). Then
(X/Z ∋ z,B) has an (ǫ, n)-complement (X/Z ∋ z,B+) for some B+ = B+zcp.
In particular, Conjecture 1.1 for the case when dim z = 0 implies
Conjecture 1.1.
Proof. Possibly shrinking Z near z, we may assume that there exists an R-
Cartier divisor G ≥ 0, such that KX +B+G ∼R,Z 0 and (X/Z ∋ z,B+G)
is ǫ-lc over z. By Lemma 5.21, there exists an open subset U1 of Z, such
that U1 ∩ z¯ 6= ∅,
mld(X/Z ∋ zcp, B +G) = mld(X/Z ∋ z,B +G) + dim z,
and (X/Z ∋ zcp, B) is (ǫ + dim z,R)-complementary for any closed point
zcp ∈ z¯ ∩ U1.
By assumption, there exists an (ǫ + dim z, n)-complement (X/Z ∋
zcp, B
+
zcp) of (X/Z ∋ zcp, B). By Lemma 5.21 again, there exists an open
subset U2 of Z, such that U2 ∩ z¯ 6= ∅ and
mld(X/Z ∋ z′cp, B
+
zcp) = mld(X/Z ∋ z,B
+
zcp) + dim z
for any closed point z′cp ∈ z¯ ∩ U2.
By Proposition 5.25, there exists a closed point z′cp ∈ z¯ ∩ U2, such
that mld(X/Z ∋ z′cp, B
+
zcp) ≥ mld(X/Z ∋ zcp, B
+
zcp) ≥ dim z + ǫ. Hence
mld(X/Z ∋ z,B+zcp) ≥ ǫ and (X/Z ∋ z,B
+
zcp) is an (ǫ, n)-complement of
(X/Z ∋ z,B). 
Proof of Theorem 1.6. Theorem 1.6 follows from Theorem 6.6 and Proposi-
tion 6.7. 
Example 6.8. Let b ∈ (0, 12) be an irrational number, Γ := {0, b}, ǫ1 := b
and ǫ2 := 1 − b. We have SpanQ≥0(Γ¯ ∪ {ǫ1}\Q) ∩ (Q\{0}) = ∅, and
1 ∈ SpanQ≥0(Γ¯ ∪ {ǫ2}\Q) ∩ (Q\{0}). By Theorem 1.6, (P
2, bP1) has a
monotonic (ǫ1, n1)-complement, and (P2, bP1) is (ǫ2, n2)-complementary for
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some positive integers n1, n2. Since mld(P2, bP1) = ǫ2, (P2, bP1) does not
have any monotonic (ǫ2, n)-complement for any positive integer n.
Example 6.9. Let b ∈ (0, 1) be an irrational number and ǫ := 1−b2 . Let
(X ∋ x,B := bB1) be a surface germ where B1 is a prime divisor, f : Y → X
the minimal resolution of X with exceptional divisors E1, . . . , Em+1 such
that the dual graph of f is a chain, Ei intersects Ei+1 for any 1 ≤ i ≤ m,
E1·E1 = −3, BY,1·E1 = 1 and Ei·Ei = −2, BY,1·Ei = 0 for any 2 ≤ i ≤ m+1,
where BY,1 is the strict transform of B1 on Y . By Lemma A.1, we have
pld(X ∋ x, tB1) =
(1− t)(m+ 1) + 1
2m+ 3
for any 0 < t < 1. In particular,
pld(X ∋ x,B) =
(1− b)(m+ 1) + 1
2m+ 3
> ǫ.
By Lemma 6.2, there exist a positive integer n and a positive real number
b′ < b such that 2|n, nb′ ∈ 2Z and nb′ = ⌊(n + 1)b⌋. Let b′′ := 1+b
′
2 , then
nb′′ ∈ Z and 1 − b′′ = 1−b
′
2 . Let D be a prime divisor on X and DY the
strict transform of D on Y such that DY · Em+1 = 1 and DY · Ei = 0 for
any 1 ≤ i ≤ m. Let B+ := b′B1 + b
′′D, we have
a(Ei,X,B
+) =
1− b′
2
> ǫ
for any 1 ≤ i ≤ m + 1. When m > 2⌊1
ǫ
⌋, mld(X ∋ x,B+) = pld(X ∋
x,B+) > ǫ by Lemma 4.5. Thus (X ∋ x,B+) is an (ǫ, n)-complement of
(X ∋ x,B).
Proof of Corollary 1.8. Suppose on the contrary that there exist a sequence
of surface pairs (Xi/Zi ∋ zi, B(i) :=
∑s
j=1 bijBij) satisfying the conditions
and a strictly increasing sequence of positive integers ni, where
ni := min{n | (Xi/Zi ∋ zi, B(i)) is (ǫ, n)-complementary, p|n}.
Since bij ∈ [0, 1], possibly passing to a subsequence, we may assume that
limi→∞ bij = bj for some real number bj ∈ [0, 1] and either {bij}
∞
i=1 is a
decreasing sequence or an increasing sequence for any 1 ≤ j ≤ s.
Let b′ij := min{bij , bj} for any i, j, and B
′
(i) :=
∑s
j=1 b
′
ijBij for any
i. Since the set {b′ij}i,j satisfies the DCC and (Xi/Zi ∋ zi, B
′
(i)) is
(ǫ,R)-complementary, by Theorem 1.6, there exists a positive integer p|n′
depending only on p,M, ǫ and {b′ij}i,j such that (Xi/Zi ∋ zi, B
′
(i)) is (ǫ, n
′)-
complementary for any i. There exists a positive integer N0 such that
bij − bj <
1−{(n′+1)bj}
n′+1 for any i ≥ N0 and any 1 ≤ j ≤ s as limi→∞ bij = bj
for any 1 ≤ j ≤ s. Since either b′ij = bij or 1 ≥ bij > bj = b
′
ij and
(n′ + 1)b′ij < (n
′ + 1)bij < 1 + ⌊(n
′ + 1)b′ij⌋, we have
⌊(n′ + 1){bij}⌋ = ⌊(n
′ + 1){b′ij}⌋, n
′⌊bij⌋ = n
′⌊b′ij⌋
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for any 1 ≤ j ≤ s and any i ≥ N0, and (Xi/Zi ∋ zi, B(i)) is (ǫ, n
′)-
complementary for any i ≥ N0, a contradiction. 
Proof of Theorem 1.9. It suffices to show the case when dimZ = dim z = 0.
When X is an elliptic curve, then B = 0, KX ∼ 0, and we may let n = p.
Thus we may assume that X = P1 and ǫ < 1. Let B :=
∑s
k=1 bkBk, where
Bk are distinct closed points. We show that possibly replacing biBi + bjBj
by bBi := (bi + bj)Bi, we may assume that bi + bj > 1 − ǫ for any i 6= j.
In particular, we have
2− 2
s
s−1 +
2
s
> 1 − ǫ and s ≤ ⌊ 41−ǫ⌋. Indeed, suppose
that bi + bj ≤ 1− ǫ for some i 6= j. If (X, bBi +
∑
k 6=i,j bkBk) has an (ǫ, n)-
complement (X, b+Bi +
∑
k 6=i,j b
+
k Bk) for some positive integer n. Then
nb+ ≥ ⌊(n+ 1)(bi + bj)⌋ ≥ ⌊(n+ 1)bi⌋+ ⌊(n+ 1)bj⌋.
Let b+i :=
⌊(n+1)bi⌋
n
and b+j :=
nb+−⌊(n+1)bi⌋
n
. Then (X,
∑s
k=1 b
+
k Bk) is an
(ǫ, n)-complement of (X,B).
Let C be an elliptic curve. By Corollary 1.8, there exists a positive integer
N depending only on ǫ and p, such that (P1 × C,B × C) has an (ǫ, n)-
complement (P1 × C,B+C ) for some positive integer n satisfying n ≤ N
and p|n. Restricting to a general fiber P1, (P1, B+ := B+C |P1) is an (ǫ, n)-
complement of (P1, B). 
7. Applications of Conjecture 1.1 and open problems
7.1. Applications of Conjecture 1.1. In this subsection, we will show
that Conjecture 1.1 implies Birkar-Borisov-Alexeev-Borisov Theorem, the
global index conjecture of Calabi-Yau varieties, Shokurov’s index conjecture
and Shokurov-McKernan conjecture.
Recall that Birkar-Borisov-Alexeev-Borisov Theorem [Bir19,Bir16a] states
that ǫ-lc Fano varieties of dimension d form a bounded family for positive
real number ǫ and positive integer d.
Proposition 7.1. Conjecture 1.1 in dimension d implies Birkar-Borisov-
Alexeev-Borisov Theorem in dimension d.
Proof. Let X be a projective variety of dimension d such that (X,B) is ǫ-lc
for some big R-divisor B ≥ 0 and positive real number ǫ, and KX +B ∼R 0.
Let X˜ → X be a smallQ-factorization. Since (X˜, 0) is (ǫ,R)-complementary,
by Conjecture 1.1, there exists a positive integer n which only depends on
ǫ and d, such that (X˜, 0) is (ǫ, n)-complementary. Thus (X,B+) is ǫ-lc and
n(KX+B
+) ∼ 0 for some boundary B+. Now the boundedness of X follows
from [HX15, Theorem 1.3]. 
It is also expected that Conjecture 1.1 should imply a conjecture due to
McKernan and Prokhorov [MP04, Conjecture 3.9], which is a generalization
of Birkar-Borisov-Alexeev-Borisov Theorem.
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Let Γ ⊆ [0, 1] ∩Q be a finite set, T the set of log Calabi-Yau varieties of
dimension d,
T := {(X,B) | dimX = d,B ∈ Γ, (X,B) is lc, KX +B ≡ 0}.
The global index conjecture of Calabi-Yau varieties predicts that there is an
integer n which only depends on Γ and d, such that n(KX +B) ∼ 0 for any
(X,B) ∈ T .
If the global index conjecture of Calabi-Yau varieties holds, it is possible to
show the birational boundedness of Calabi-Yau varieties. When dimX = 3,
it is illustrated in [CDCH+18]. Recently, by assuming the global index
conjecture, Birkar, Di Cerbo and Savaldi announced that they can show
the birational boundedness of Calabi-Yau varieties when X is projective klt,
there is an elliptic fibration X → Y admitting a rational section, and Y is
rationally connected.
Proposition 7.2. Conjecture 1.1 in dimension d implies the global index
conjecture of Calabi-Yau varieties in dimension d. In particular, the global
index conjecture of Calabi-Yau varieties holds in dimension 2.
Proof. Let ǫ = 0, Z a closed point, and p a integer such that pΓ ⊆ Z. By
Conjecture 1.1, there exists a positive integer p|n, such that n(KX+B
+) ∼ 0
for some lc pair (X,B+), where B+ ≥ B. Since KX + B ≡ 0, we conclude
that B+ = B and n(KX + B) ∼ 0. The last claim follows from Theorem
1.6. 
The following index conjecture is due to Shokurov.
Conjecture 7.3 (Shokurov’s index conjecture). Let d be a positive integer,
ǫ a non-negative real number and Γ ⊆ [0, 1]∩Q a finite set. Then there exists
a positive integer I depending only on ǫ and Γ satisfying the following.
Assume that (X ∋ x,B) is a pair such that
(1) dimX = d,
(2) B ∈ Γ, and
(3) mld(X ∋ x,B) = ǫ.
Then I(KX +B) is Cartier near x.
Proposition 7.4. Conjecture 1.1 in dimension d implies Conjecture 7.3 in
dimension d. In particular, Conjecture 7.3 holds in dimension 2.
Proof. Let p be a positive integer such that pΓ ⊆ Z. By Conjecture 1.1,
there exists a positive integer p|n, such that n(KX +B
+) is Cartier near x,
and mld(X ∋ x,B+) ≥ ǫ, where nB+ ≥ n⌊B⌋+ ⌊(n + 1){B}⌋ ≥ nB. Since
mld(X ∋ x,B) = ǫ, we conclude that B+ = B near x, and we may choose
I = n. The last claim follows from Theorem 1.6. 
The following conjecture on Fano type fibrations has a close relation with
Conjecture 1.1. Conjecture 7.5 is equivalent to [Bir16b, Conjecture 1.2] and
[AB14, Conjecture 1.2], but in a slightly different form.
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Conjecture 7.5 (Shokurov-McKernan). Let d be a positive integer and ǫ a
positive real number. Then there exists a positive real number δ depending
only on d and ǫ satisfying the following.
Assume that (X,B) is a pair of dimension d and π : X → Z is a
contraction such that
(1) (X,B) is ǫ-lc,
(2) X is of Fano type over Z, and
(3) KX +B ∼R 0 over Z.
Then BZ ≤ 1− δ, where BZ is the discriminant part of the canonical bundle
formula of KX +B on Z.
Proposition 7.6. Conjecture 1.1 in dimension d implies Conjecture 7.5 in
dimension d.
Proof. Possibly replacing X by its small Q-factorization, we may assume
that X is Q-factorial. Let z ∈ Z be a codimension one point. Possibly
shrinking Z near z, we may assume that z is smooth. Fix a positive real
number 0 < a < ǫ, let t := a- lct(X/Z ∋ z,B;π∗z).
Let E ∈ e(z), such that a(E,X,B + tπ∗z) = a. Let g : Y → X be a
morphism which extracts E, and we may write KY + BY := g
∗(KX + B).
Note that if E is on X, then g = id. Since (Y/Z ∋ z, 0) is (a,R)-
complementary, by Conjecture 1.1, there exists a positive integer n which
only depends on a, d, such that (Y/Z ∋ z, 0) has an (a, n)-complement
(Y/Z ∋ z,Ba) for some boundary Ba. By Birkar-Borisov-Alexeev-Borisov
Theorem [Bir19,Bir16a], (F,Ba|F ) is log bounded, where F is a general fiber
of Y → Z. By [Bir16b, Proposition 3.1], there exists a positive real number
δa, such that ta := lct(Y/Z ∋ z,Ba; g
∗(π∗z)) ≥ δa. Thus δamiFi ≤ Fi for
any irreducible component Fi of g
∗(π∗z), where g∗(π∗z) :=
∑
miFi. Since
(X,B) is ǫ-lc, by the construction of Y ,
1− a = tmi +multFi BY ≤ tmi + 1− ǫ
for some i. Therefore,
lct(X/Z ∋ z,B;π∗z) ≥ t ≥
ǫ− a
mi
≥ (ǫ− a)δa,
and δ := (ǫ− a)δa has the required properties. 
7.2. Open problems. In this subsection, we ask several questions which
are related to our paper. Some questions arise from previous joint works of
the second author with his collaborators.
Our first question is about the existence of (ǫ,R)-decomposed comple-
ments, that is whether Theorem 2.1 holds for higher dimensional varieties
or not.
Problem 7.7 (Existence of (ǫ,R)-decomposed complements). Let d be a
positive integer, ǫ a non-negative real number and Γ ⊆ [0, 1] a DCC set.
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Then there exist finite sets Γ1 ⊆ (0, 1],Γ2 ⊆ [0, 1] ∩ Q and M ⊆ Q≥0
depending only on d,Γ and ǫ satisfying the following.
Assume that (X/Z ∋ z,B) is a pair such that
• dimX = d,
• B ∈ Γ, and
• (X/Z ∋ z,B) is (ǫ,R)-complementary.
Then there exist ai ∈ Γ1, B
i ∈ Γ2 and ǫi ∈ M with the following properties:
(1)
∑
ai = 1,
(2)
∑
aiǫi ≥ ǫ,
(3)
∑
ai(KX +B
i) ≥ KX +B,
(4) (X/Z ∋ z,Bi) is (ǫi,R)-complementary for any i, and
(5) If ǫ ∈ Q, then ǫ = ǫi for any i, and if ǫ 6= 1, then ǫi 6= 1 for any i.
In particular, there exists B′ :=
∑
aiB
i ≥ B, such that (X/Z ∋ z,B′)
is (ǫ,R)-complementary, and the coefficients of B′ belong to a finite set Γ′
depending only on d,Γ and ǫ.
When ǫ = 0 and X is of Fano type over Z, Problem 7.7 was proved by
Han-Liu-Shokurov [HLS19, Theorem 1.13].
When ǫ = 0 and dimZ = 0, Problem 7.7 implies the Global ACC
[HMX14, Theorem 1.5] directly. We will show that Problem 7.7 implies the
ACC for (ǫ,R)-complementary thresholds and the ACC for a-log canonical
thresholds (Conjecture 5.2). Thus Problem 7.7 could be regarded as a
relative version of the ACC properties of singularities.
Definition 7.8 ((ǫ,R)-complementary thresholds). Suppose that (X/Z ∋
z,B) is (ǫ,R)-complementary for some non-negative real number ǫ. The
(ǫ,R)-complementary threshold of (X/Z ∋ z,B) with respect to an R-Cartier
divisor M ≥ 0 is defined as
ǫ- Rcomp(X/Z ∋ z,B;M) := sup{t ≥ 0 | (X/Z ∋ z,B + tM)
is (ǫ,R)-complementary}.
In particular, if X = Z, π : X → Z is the identity map and ǫ = a, then we
obtain the a-lc threshold (Definition 5.1).
Problem 7.9 (ACC for (ǫ,R)-complementary thresholds). Fix a positive
integer d and a non-negative real number ǫ. Let Γ1 and Γ2 be two DCC sets,
then
ǫ-RCOMP(d,Γ1,Γ2) = {ǫ-Rcomp(X/Z ∋ z,B;M) | (X/Z ∋ z,B)
is (ǫ,R)-complementary,dimX = d,B ∈ Γ1,M ∈ Γ2}
satisfies the ACC.
Proposition 7.10. Problem 7.7 in dimension d implies the ACC for (ǫ,R)-
complementary thresholds (Problem 7.9) and the ACC for a-log canonical
thresholds (Conjecture 5.2) in dimension d. In particular, Problem 7.9 holds
in dimension 2.
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Proof. Since Conjecture 5.2 is a speical case of Problem 7.9, it suffices to
show Problem 7.9.
Suppose on the contrary, there exist two DCC sets Γ1,Γ2 and a sequence
pairs (Xi/Zi ∋ zi, Bi) of dimension d which is (ǫ,R)-complementary, and R-
Cartier divisorsMi, such that Bi ∈ Γ1,Mi ∈ Γ2, and ti := ǫ- Rcomp(Xi/Zi ∋
zi, Bi;Mi) is strictly increasing. In particular, the coefficients of Bi + tiMi
belong to a DCC set Γ. Since we assume that Problem 7.7 is true, there exists
a divisor B′i ≥ Bi + tiMi, such that the coefficients of B
′
i belong to a finite
set Γ′, and (Xi/Zi ∋ zi, B
′
i) is (ǫ,R)-complementary. By the construction
of ti, there exists a prime divisor Di, such that SuppDi ⊆ SuppMi, and
multDi(Bi + tiMi) = multDi B
′
i ∈ Γ
′ for any i. Thus ti belongs to an ACC
set, a contradiction.
The last claim follows from Theorem 2.1. 
It is expected that Problem 7.9 will imply the ACC for minimal log
discrepancies. For recent works towards the relation between the ACC for
a-log canonical thresholds and the ACC for minimal log discrepancies, we
refer readers to [Kaw18,Liu18].
Recall that the ACC for log canonical thresholds polytopes holds by
[HLQ17]. As a generalization, we may ask whether (ǫ,R)-complementary
thresholds polytopes are indeed polytopes or not and the ACC for (ǫ,R)-
complementary thresholds polytopes holds or not, where the (ǫ,R)-complementary
thresholds polytope P (X/Z ∋ z,∆;D1, . . . ,Ds) of D1, . . . ,Ds with respect
to (X/Z ∋ z,∆) is defined by
P (X,∆;D1, . . . ,Ds) := {(t1, . . . , ts) ∈ R
s
≥0 |
(X/Z ∋ z,∆+ t1D1 + . . .+ tsDs) is (ǫ,R)-complementary}.
A more ambitious conjecture predicts that the set of volumes of P (X/Z ∋
z,∆;D1, . . . ,Ds) should satisfy the ACC. This conjecture is unknown even
in dimension 1.
As we mentioned in the introduction, it is expected that Conjecture 1.1
should hold for surface pairs when Γ is not necessarily a DCC set.
Problem 7.11. Let ǫ be a non-negative real number and p a positive integer.
Then there exists a positive integer N depending only on ǫ and p satisfying
the following.
Assume that (X/Z ∋ z,B) is a surface pair such that
(1) either ǫ = 0 or −KX is big over Z, and
(2) (X/Z ∋ z,B) is (ǫ,R)-complementary.
Then (X/Z ∋ z,B) is (ǫ, n)-complementary for some positive integer n
satisfying n ≤ N and p|n.
For a fixed point v = (v01 , . . . , v
0
m) ∈ R
m and a positive real number ǫ,
Theorem 2.2 says that for any surface germ (X ∋ x,
∑m
i=1 v
0
iBi) which is
ǫ-lc at x, mld(X ∋ x,
∑m
i=1 viBi) is a linear function in a uniform rational
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polytope containing v. It would be interesting to ask if Theorem 2.2 holds
in higher dimensions.
Problem 7.12. Let ǫ be a positive real number, d,m two positive integers
and v = (v01 , . . . , v
0
m) ∈ R
m a point. Then there exist a rational polytope
v ∈ P ⊆ Rm with vertices vj = (v
j
1, . . . , v
j
m), positive real numbers aj
and positive real numbers ǫj depending only on d, ǫ,m and v satisfying the
following.
(1)
∑
aj = 1,
∑
ajvj = v and
∑
ajǫj ≥ ǫ.
(2) Assume that (X ∋ x,B :=
∑m
i=1 v
0
iBi) is a pair such that
• dimX = d,
• B1, . . . , Bm ≥ 0 are Weil divisors on X, and
• (X ∋ x,B) is ǫ-lc at x.
Then the function P → R defined by
(v1, . . . , vm) 7→ mld(X ∋ x,
m∑
i=1
viBi)
is a linear function, and
mld(X ∋ x,
m∑
i=1
vjiBi) ≥ ǫj
for any j.
Moreover, if ǫ ∈ Q, then we may pick ǫj = ǫ for any j.
Problem 7.12 implies the following.
Problem 7.13. Let ǫ be a rational non-negative real number, d,m two
positive integers and v = (v01 , . . . , v
0
m) ∈ R
m a point. Then there exist a
uniform rational polytope P ⊆ Rm containing v depending only on ǫ, d,m
and v satisfying the following.
Assume that (X ∋ x,B :=
∑m
i=1 v
0
iBi) is a pair such that
(1) dimX = d,
(2) B1, . . . , Bm ≥ 0 are Weil divisors on X, and
(3) (X ∋ x,B) is ǫ-lc at x.
Then (X ∋ x,
∑m
i=1 viBi) is ǫ-lc at x for any point (v1, . . . , vm) ∈ P .
When ǫ = 0, Problem 7.13 was proved by Nakamura [Nak16, Theorem 1.6]
and Han-Liu-Shokurov [HLS19, Theorem 5.8]. This result is related to the
ACC for log canonical thresholds and its accumulation points. It is expected
that Problem 7.13 is related to the ACC for a-log canonical thresholds and
the ACC for minimal log discrepancies.
More generally, it seems that if the ACC properties of singularities
holds for some invariant, then there are uniform rational polytopes for
this invariant. Problem 7.12 could be regarded as the question about the
correspondence between the ACC for minimal log discrepancies and uniform
rational polytopes for minimal log discrepancies under this general principle.
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We may also ask whether pseudo-effective thresholds, anti-pseudo-effective
thresholds, (ǫ,R)-complementary thresholds satisfy this principle or not.
In the following, we will give an affirmative answer to Problem 7.12 on a
fixed X/Z ∋ z such that (X/Z ∋ z,∆) is klt over a neighborhood of z for
some boundary ∆, and we do not assume that ǫ is positive.
Lemma 7.14. Suppose that (X,B) is a klt pair. Then there is a positive
integer I depending only on (X,B) such that if D is a Q-Cartier Weil divisor
on X, then ID is Cartier.
Proof. Let (X ′, B′) be a small Q-factorization of (X,B). Let D′ be the
pullback of D. There is a Q-divisor L′ ≥ 0 on X ′ which is anti-ample over
X. Possibly rescaling L′, we may assume (X ′, B′ + L′) is klt. In particular,
X ′ → X is a (KX′ + B
′ + L′)-negative contraction of an extremal face of
the Mori-Kleiman cone of X ′. By the cone theorem, the Cartier index of D′
and D are the same. Replacing (X,B) by (X ′, B′), we may assume that X
is Q-factorial and B = 0.
Let f :W → X be a resolution of X, and we may write
KW + (1− ǫ)E = f
∗KX + F,
where F ≥ 0, E is the sum of the f -exceptional divisors and 0 < ǫ <
mld(X, 0) is a rational number. Since X is klt, (W, (1 − ǫ)E) is a klt pair.
Let M := KW + (1− ǫ)E. By [BCHM10], we may run an M -MMP over X
with scaling of an ample divisor,
W0 :=W 99K W1 99K · · · 99K Wk
and the MMP terminates with the minimal model Wk = X on which Mk
is nef, where Mk is the strict transform of M on Wk. Let lj be a positive
integer such that ljMj is Cartier for any 1 ≤ j ≤ k.
We show by induction on j that there exists a positive integer Ij, such
that IjGj is Cartier for any Weil divisor Gj on Wj, and we get I = Ik as
desired. When j = 0, the claim is trivial, since W0 is smooth. Suppose that
the claim holds for ≤ j. Let Gj+1 be any Weil divisor on Wj+1, Gj the strict
transform of Gj+1 on Wj.
Let Wj → Zj be the Mj-negative contraction in the MMP, Rj the
corresponding extremal ray. (If Wj →Wj+1 is a divisorial contraction, then
Zj = Wj+1, otherwise, it is a flipping contraction.) If Gj is numerically
trivial over Zj , then by the cone theorem, IjGj+1 is Cartier, and we are
done. We may assume that Gj is not numerically trivial over Zj. If Gj is
ample over Zj , let I
′
j = Ij , otherwise, let I
′
j = −Ij. Let Hj be the pullback
of an ample Cartier divisor on Zj . Possibly replacing Hj by some multiple,
we may assume that Hj+ I
′
jGj is an ample Cartier divisor. For any positive
integer n, let
rj(n) := max{t ∈ R | (n+ 1)Hj + I
′
jGj +
t
mj
Mj is nef},
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where mj = (lj(dimX +1))!. By the rationality theorem, rj(n) is a positive
integer. Since Hj is nef, rj(n) is a non-decreasing function of n. Since
rj(n) ≤ mj
I′j(Gj ·Rj)
−(Mj ·Rj)
, there exist two positive integers rj, nj , such that
rj(n) = rj for any n > nj. Let
Dj = (n+ 1)Hj + I
′
jGj +
rj
mj
Mj ,
for some n > max{
2rj dimX
mj
, nj}. By the length of extremal rays and the
rationality theorem, Dj ·Rj = 0. By the cone theorem, Ij(mj(n+1)Hj+1+
mjI
′
jGj+1+rjMj+1) is Cartier onWj+1, and hencemj lj+1I
2
jGj+1 is Cartier.
Let Ij+1 = mj lj+1I
2
j , we finish the induction. 
Theorem 7.15. Let ǫ be a non-negative real number, m a positive integer
and v = (v01 , . . . , v
0
m) ∈ R
m a point. Let (X/Z ∋ z,∆) be a pair which is
klt over a neighborhood of z. Then there exist a rational polytope v ∈ P ⊆
Rm with vertices vj = (v
j
1, . . . , v
j
m), positive real numbers aj and positive
rational numbers ǫj depending only on ǫ,m,v and (X/Z ∋ z,∆) satisfying
the following.
(1)
∑
aj = 1,
∑
ajvj = v and
∑
ajǫj ≥ ǫ.
(2) Assume that (X/Z ∋ z,
∑m
i=1 v
0
iBi) is ǫ-lc over z, where B1, . . . , Bm ≥
0 are Weil divisors. Then the function P → R defined by
(v1, . . . , vm) 7→ mld(X/Z ∋ z,
m∑
i=1
viBi)
is a linear function, and
mld(X/Z ∋ z,
m∑
i=1
vjiBi) ≥ ǫj
for any j.
Moreover, if ǫ ∈ Q, then we may pick ǫj = ǫ for any j.
The proof is very similar to the proof of Theorem 2.2.
Proof. Possibly shrinking Z near z and replacing X by a small Q-
factorization of (X,∆), we may assume that X is Q-factorial and klt. In
particular, M0 := mld(X/Z ∋ z, 0) > 0 and mld(X/Z ∋ z, C) ≤M0 for any
boundary C. By Lemma 7.14, there exists a positive integer I0 such that
I0D is Cartier for any Weil divisor D on X.
There exist Q-linearly independent real numbers r0 = 1, r1, . . . , rc for
some 0 ≤ c ≤ m, and Q-linear functions si(r) : Rc → R such that si(r0) = v0i
for any 1 ≤ i ≤ m, where r0 = (r1, . . . , rc). Note that the map Rc → V
defined by
r 7→ (s1(r), . . . , sm(r))
is one-to-one, where V ⊆ Rm is the rational envelope of v.
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If c = 0, P = V = {v} and there is nothing to prove. Suppose that
c ≥ 1. Let B(r) :=
∑m
i=1 si(r)Bi, then B(r0) =
∑m
i=1 v
0
iBi. By assumption,
(X/Z ∋ z,B(r0)) is ǫ-lc over z. By Lemma 4.7, there exist a positive real
number δ and a Q-linear function f(r) depending only on ǫ, I0,M0, c,m, r0,
si(r) such that f(r0) ≥ ǫ, and
mld(X/Z ∋ z,B(r)) = a(E,X,B(r)) ≥ f(r)
for some prime divisor E ∈ e(z) and any r ∈ Rc satisfying ||r − r0||∞ ≤ δ.
Note that if ǫ ∈ Q, then f(r) = ǫ for any r ∈ Rc. We may find 2c positive
rational numbers ri,1, ri,2 such that ri,1 < ri < ri,2 and max{ri − ri,1, ri,2 −
ri} ≤ δ for any 1 ≤ i ≤ c. By our choice of δ, the function Rc → R defined
by
r 7→ mld(X/Z ∋ z,B(r))
is a linear function on r ∈ Uc := [r1,1, r1,2]× · · · × [rc,1, rc,2].
Let rj be the vertices of Uc, and ǫj := f(rj), v
j
i := si(rj) for any i, j. Note
that if ǫ ∈ Q, then ǫj = f(rj) = ǫ for any j. Let P := {(s1(r), . . . , sm(r)) |
r ∈ Uc} ⊆ V . Then the function P → R defined in the theorem is a linear
function, (vj1, . . . , v
j
m) are vertices of P, and
mld(X/Z ∋ z,
m∑
i=1
vjiBi) = mld(X/Z ∋ z,B(rj)) ≥ f(rj) ≥ ǫj
for any j.
Finally, we may find positive real numbers aj such that
∑
aj = 1 and∑
ajrj = r0. Then
∑
ajvj = v and
∑
ajǫj ≥ ǫ as
∑
j ajv
j
i =
∑
j ajsi(rj) =
si(
∑
j ajrj) = si(r0) = v
0
i for any 1 ≤ i ≤ m, and
∑
ajǫj =
∑
ajf(rj) =
f(
∑
ajrj) = f(r0) ≥ ǫ. 
Roughly speaking, we show in Lemma 5.18 that there exists a uniform
rational anti-nef polytope by assuming that the Cartier index of the
R-Cartier nef divisor is bounded. Problem 7.16 is about whether the
assumption on the Cartier index is necessary or not.
Problem 7.16. Let d,m be two positive integers and v = (v01 , . . . , v
0
m) ∈ R
m
a point. Then there exists a uniform rational polytope P ⊆ Rm containing
v depending only on d,m and v satisfying the following.
Assume that (X/Z ∋ z,B :=
∑m
i=1 v
0
iBi) is a pair of dimension d such
that
• X is of Fano type over Z,
• B1, . . . , Bm ≥ 0 are Weil divisors on X,
• (X/Z ∋ z,B) is lc over z, and
• −(KX +B) is nef over Z.
Then (X/Z ∋ z,B′ :=
∑m
i=1 viBi) is lc over z and −(KX + B
′) is nef over
Z for any (v1, . . . , vm) ∈ P .
We may show Problem 7.16 when one of the following conditions holds:
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(1) the Picard number of X is 1 ([HLS19, Theorem 5.17]), or
(2) (X,B) is ǫ-lc (Birkar-Borisov-Alexeev-Borisov Theorem), or
(3) the Cartier indices of KX , Bi are bounded from above (Lemma 5.18).
Our next question is about whether Nakamura’s conjecture [MN18,
Conjecture 1.1] holds for DCC coefficients or not.
Problem 7.17. Let Γ ⊆ [0, 1] be a DCC set and X ∋ x a klt germ. Then
there exists an integer N depending only on X ∋ x and Γ satisfying the
following.
Assume that (X,B :=
∑m
i=1 biBi) is a pair such that
(1) B1, . . . , Bm are distinct prime divisors on X,
(2) (X,B) is lc, and
(3) bi ∈ Γ for any 1 ≤ i ≤ m.
Then there is a prime divisor E over X such that mld(X ∋ x,B) =
a(E,X,B) and a(E,X, 0) ≤ N.
Finally, we expect the following slightly stronger version of Conjecture
7.5 holds.
Problem 7.18. Let d be a positive integer and a < ǫ two non-negative real
numbers. Then there exists a positive real number δ depending only on d, a
and ǫ satisfying the following.
Assume that (X/Z ∋ z,B) is a pair of dimension d such that
(1) codim z = 1,
(2) X is of Fano type over Z, and
(3) (X/Z ∋ z,B) is an (ǫ,R)-complement of itself.
Then possibly shrinking Z near z, a- lct(X/Z ∋ z,B; f∗z) ≥ δ.
Let d = 3, ǫ = 1, a = 0 and dimZ = 2 in Problem 7.18, a conjecture
of Shokurov predicts that the optimal value of δ is 12 (c.f. [Pro18, 10.6.2.
Conjecture]). This conjecture is related to Iskovskikh’s conjecture on Q-
conic bundles [Isk96], which was proved by Mori and Prokhorov [MP08,
Theorem 1.2.7].
Appendices
A. Structure of surface singularities
Let DG be an extended dual graph with vertices vi (1 ≤ i ≤ n) which
corresponds to the curves Ei (1 ≤ i ≤ n). We define ∆(DG) as the absolute
value of the determinant of the matrix (Ei · Ej)1≤i,j≤n, and set ∆(∅) = 1.
Assume that DG1 and DG2 are subgraphs of DG, we define DG1⊔DG2 as
the disjoint union of DG1 and DG2. We define DG − DG1 as the subgraph
of DG obtained by deleting from DG the vertices of DG1 and all the edges
incident to them.
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q m
Figure 1
We need the following well-known description of the ground chains [Kol92,
3.1.11]. Every chain with positive integer weights w1, . . . , wn ≥ 2 (n ≥ 2)
corresponds in a unique way to the pair (m, q), where m = ∆(DG) and
1 ≤ q < m is an integer coprime to m defined by:
m
q
= wn −
1
wn−1 −
1
···w1
.
If n = 1, we set m = ∆(DG), q = 1. If n = 0, set m = 1, q = 0.
We introduce the following notation.
Notation. Let DG be an extended dual graph with simple edges and
rational vertices (curves).
(1) By DG = DG
(m,q),u
ch we mean that DG is a chain whose ground graph
corresponds to the pair (m, q) and u is determined by the external
part. In particular, by DG = DG2
A
ch we mean that DG is a chain with
A vertices of weight 2 and it has no external part.
(2) By DG = DG2
A
tr we mean that DG is a tree with A + 2 vertices of
weight 2 and it has no external part. Moreover, it has exactly one
fork which has three branches and two of the branches have only one
vertex of weight 2.
DG
(m,q),u
ch
q m
u : · · · · · ·
2 2 2 2
DG2
A
ch
2 2 2
2
DG2
A
tr
2
2
Let (X ∋ x,B :=
∑s
i=1 biBi) be an lc surface germ, where Bi are distinct
prime divisors. Let f : Y → X be the minimal resolution of X with
exceptional divisors E1, . . . , En. Suppose that the dual graph DG of f is
a chain, and vi is adjacent to vi+1 for any 1 ≤ i ≤ n− 1. We define
α(DG, b) := 1−
n∑
k=1
(BY · Ek)∆(DG − {vk, . . . , vn}),
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where BY is the strict transform of B on Y and b := (b1, . . . , bs).
Lemma A.1 ([Ale93, lemma 3.3]). Let ǫ ≤ 1 be a positive real number and
Γ ⊆ [0, 1] a (not necessarily DCC) set such that infγ∈Γ{γ > 0} > 0. Then
there exists a positive integer N0 depending only on ǫ and Γ satisfying the
following.
Assume that (X ∋ x,B :=
∑s
i=1 biBi) is an lc surface germ such that
• B1, . . . , Bs are distinct prime divisors,
• bi ∈ Γ for any 1 ≤ i ≤ s, and
• pld(X,B) ≥ ǫ.
Then the dual graph of the minimal resolution of X belongs to one of the
following sets.
(1) Fǫ,Γ: consists of finitely many graphs DG with at most N0−1 vertices.
In particular, there exists a positive integer N(ǫ,Γ) depending only
on ǫ and Γ such that ∆(DG) ≤ N(ǫ,Γ) for any DG ∈ Fǫ,Γ.
(2) Cǫ,Γ: consists of chains DG = DG{DG
(m1,q1),u1
ch ,DG
2A
ch ,DG
(m2,q2),u2
ch },
where A ∈ Z≥1,DG
(mi,qi),ui
ch ∈ Fǫ,Γ (i = 1, 2), DG − DG
2A
ch =
DG
(m1,q1),u1
ch ⊔DG
(m2,q2),u2
ch such that mi ≤ ⌊
2
min{ǫ,ǫ0}
⌋⌊
2
ǫ
⌋ (i = 1, 2).
Moreover, we have
pld(X,B) = min{
(A+ m2
m2−q2
) α1
m1−q1
+ q1
m1−q1
α2
m2−q2
A+ q1
m1−q1
+ m2
m2−q2
,
(A+ m1
m1−q1
) α2
m2−q2
+ q2
m2−q2
α1
m1−q1
A+ q2
m2−q2
+ m1
m1−q1
},
where αi := α(DG
(mi,qi),ui
ch , b := (b1, . . . , bs)) (i = 1, 2) which are
independent of A. Moreover, if Γ satisfies the DCC, then we may
additionally require that
min{
α1
m1 − q1
,
α2
m2 − q2
} ≥ ǫ.
(3) Tǫ,Γ: consists of trees DG = DG{DG
(m1,q1),u1
ch ,DG
2A
tr }, where DG
(m1,q1),u1
ch
∈ Fǫ,Γ,DG − DG
(m1,q1),u1
ch = DG
2A
tr and m1 ≤ ⌊
2
min{ǫ,ǫ0}
⌋⌊
2
ǫ
⌋.
Moreover, ∆(DG) ≤ N(ǫ,Γ) and
pld(X,B) =
α1
m1 − q1
,
where α1 := α(DG
(m1,q1),u1
ch , b := (b1, . . . , bs)) which is independent
of A.
Proof. By [Ale93, lemma 3.3], we only need to show the last statement in (2).
Since Γ satisfies the DCC, there exists a positive real number ǫ′ depending
only on ǫ and Γ such that ǫ− 1−b
l
≥ ǫ′ for any positive real number 1−b
l
< ǫ,
where b ∈ Γ+, l ∈ Z>0. We show that the statement holds if DG has more
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2 2 2
DG{DG
(m1,q1),u1
ch ,DG
2A
ch ,DG
(m2,q2),u2
ch }
q1 m1
vp(min)
· · · · · ·
22
q2m2
· · · · · ·
DG{DG
(m1,q1),u1
ch ,DG
2A
tr }
2 2 2
q1 m1
(min)
· · · · · ·
2
2
2
Figure 2
than N ′0 := 2N0 + ⌊
2⌊ 2
min{ǫ,ǫ0}
⌋⌊
2
ǫ ⌋
ǫ′
⌋ + 1 vertices. Otherwise we may assume
that α1
m1−q1
< ǫ, and hence ǫ− α1
m1−q1
≥ ǫ′. It follows that
A ≤
m2
m2−q2
α1
m1−q1
+ q1
m1−q1
α2
m2−q2
ǫ− α1
m1−q1
<
2⌊ 2min{ǫ,ǫ0}⌋
⌊ 2
ǫ
⌋
ǫ′
.
Since DG
(mi,qi),ui
ch ∈ Fǫ,Γ (i = 1, 2), DG has at most N
′
0 − 1 vertices, a
contradiction. Replacing N0 by N
′
0, we are done. 
Remark A.2. In Lemma A.1(2), if α1
m1−q1
≤ α2
m2−q2
, then
pld(X,B) =
(A+ m2
m2−q2
) α1
m1−q1
+ q1
m1−q1
α2
m2−q2
A+ q1
m1−q1
+ m2
m2−q2
,
since
(A+ m2
m2−q2
) α1
m1−q1
+ q1
m1−q1
α2
m2−q2
A+ q1
m1−q1
+ m2
m2−q2
−
(A+ m1
m1−q1
) α2
m2−q2
+ q2
m2−q2
α1
m1−q1
A+ q2
m2−q2
+ m1
m1−q1
=
(A+ 1)( α1
m1−q1
− α2
m2−q2
)
A+ q1
m1−q1
+ m2
m2−q2
≤ 0.
Theorem A.3 is an easy consequence of Lemma A.1.
Theorem A.3 ([Ale93, Theorem 3.2]). Let Γ ⊆ [0, 1] be a DCC set. Then
Pld(Γ) satisfies the ACC.
Lemma A.4. Let ǫ ≤ 1 be a positive real number and N a positive integer.
Then there is a positive integer N0 depending only on ǫ and N satisfying the
following.
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Assume that (X ∋ x,B :=
∑
biBi) is an lc surface germ such that
(1) Bi are distinct prime divisors on X, and
(2) +∞ > pld(X ∋ x,B) ≥ ǫ.
Let f : Y → X be the minimal resolution of X with exceptional divisors
E1, . . . , En, and n ≤ N. Then
a(Ej ,X,B) =
lj0 −
∑
i ljibi
lj
for some positive integers lj0 ≤ N0, lji , lj , and any 1 ≤ j ≤ n.
Proof. Let DG be the dual graph of f, vi the vertex corresponds to Ei, ai :=
a(Ei,X,B) and wi := −(Ei · Ei) for any 1 ≤ i ≤ n. By Lemma 4.2(1),
wi ≤ ⌊
2
ǫ
⌋ for any 1 ≤ i ≤ n. By [Kol92, 3.1.10],
aj =
∑n
k=1∆(DG − (vj 7→ vk))ck
∆(DG)
,
where (vj 7→ vk) is the unique shortest path from vj to vk, and ck :=
2− 2pa(Ek)− (f
−1
∗ B +
∑
i 6=k Ei) ·Ek. Since n ≤ N and wj ≤ ⌊
2
ǫ
⌋, it follows
that there exists a positive integer N0 with the required properties. 
As an application of Lemma A.1, we have the following result.
Proposition A.5. Let ǫ ≤ 1 be a non-negative rational number and Γ ⊆
Q∩ [0, 1] a finite set. Then there is a positive integer I depending only on ǫ
and Γ satisfying the following.
Assume that (X ∋ x,B) is an lc surface germ such that
(1) B ∈ Γ, and
(2) pld(X ∋ x,B) = ǫ.
Then I(KX +B) is Cartier near x.
Proof. If ǫ = 0 and B = 0, then by the classification of lc surface
singularities, IKX is Cartier for some positive integer I ∈ {1, 2, 3, 4, 6}.
If ǫ = 0 and B 6= 0, then mld(X ∋ x,B) = 0 and X is klt near x. The
boundedness of Cartier index follows from [Bir19, Corollary 1.9].
It suffices to show the proposition for the case when ǫ > 0. Assume that
Γ ∪ {ǫ} ⊆ 1
I0
Z for some positive integer I0. Let f : Y → X be the minimal
resolution of X, and we may write
KY +BY +
∑
(1− ak)Ek = f
∗(KX +B),
where BY is the strict transform of B, Ek are the exceptional divisors and
ak := a(Ek,X,B) for any k. By Lemma A.1, the dual graph DG of f belongs
one of Fǫ,Γ,Cǫ,Γ and Tǫ,Γ.
Suppose that either DG ∈ Fǫ,Γ or DG ∈ Tǫ,Γ. By Lemma A.1, there exists
a positive integer I1 which only depends on ǫ and Γ such that ∆(DG)|I1.
Let I := I0I1. Then Iak ∈ Z for any k.
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Now we consider the case whenDG = DG{DG
(m1,q1),u1
ch ,DG
2A
ch ,DG
(m2,q2),u2
ch }
∈ Cǫ,Γ. Since Γ is a finite set, we may assume that ǫ ≤
α1
m1−q1
≤ α2
m2−q2
and
hence
pld(X ∋ x,B) = ap =
(A+ m2
m2−q2
) α1
m1−q1
+ q1
m1−q1
α2
m2−q2
A+ q1
m1−q1
+ m2
m2−q2
= ǫ,
where p is the number of the vertices of DG
(m1,q1),u1
ch . It follows that ǫ =
α1
m1−q1
= α2
m2−q2
, ap = ap+1 = · · · = ap+A+1 = ǫ and I0ak ∈ Z for any
p ≤ k ≤ p+A+ 1. Since aj+1 − wjaj + aj−1 = BY · Ej , Iak ∈ Z for any k.
It is enough to show that I(KX + B) is Cartier near x. Since Iak ∈ Z,
If∗(KX + B) = I(KY + BY ) +
∑
I(1 − ak)Ek is Cartier. Let HY ≥ 0 be
an ample Q-Cartier divisor on Y . Then H := f∗f∗HY −HY is ample and
exceptional over X. Let KY +B
′
Y := f
∗(KX +B). Possibly rescaling H, we
may assume that every coefficient of B′Y +H is at most one. We may run a
(KY +B
′
Y +H)-MMP over X and the MMP terminates with X thanks to
[Fuj12, Theorem 1.1]. Since the MMP is (If∗(KX + B))-trivial, according
to the cone theorem [Fuj12, Theorem 3.2], I(KX +B) is Cartier near x. 
B. Nakamura’s conjecture with DCC coefficients for surfaces
In this appendix, we show Theorem B.1, that is, Nakamura’s conjecture
[MN18, Conjecture 1.1] holds for surface pairs with DCC coefficients.
Mustat¸a˘ and Nakamura proved Theorem B.1 for finite coefficients [MN18,
Theorem 1.3], and Alexeev proved it in full generality [Ale93, Lemma 3.7].
Our proof is based on Alexeev’s idea and we use some different arguments.
Theorem B.1. Let Γ ⊆ [0, 1] be a DCC set. Then there exists a positive
integer N depending only on Γ satisfying the following.
Assume that X ∋ x is a smooth surface germ and B1, . . . , Bm are distinct
prime divisors on X such that
• (X,B :=
∑m
i=1 biBi) is lc,
• bi ∈ Γ for any 1 ≤ i ≤ m, and
• x ∈ ∩mi=1Bi.
Then there is a prime divisor E over X such that mld(X ∋ x,B) =
a(E,X,B) and a(E,X, 0) ≤ N. In particular, we have
mld(X ∋ x,B) = l0 −
m∑
i=1
libi
for some non-negative integers l0, . . . , lm and l0 ≤ N .
Proof. By Lemma 4.3, there exists a sequence of blow-ups
Xn → Xn−1 → · · · → X1 → X0 := X
with the following properties:
• fi : Xi → Xi−1 is the blow-up of Xi−1 at a point xi−1 ∈ Xi−1 with
the exceptional divisor Ei for any 1 ≤ i ≤ n, where x0 := x,
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• xi ∈ Ei for any 1 ≤ i ≤ n− 1, and
• a(Ei,X,B) > a(En,X,B) = mld(X ∋ x,B) for any 1 ≤ i ≤ n− 1.
For convenience, we may denote the strict transform of Ei on Xk by Ei for
any k ≥ i.
Let BXi be the strict transform of B on Xi, ai := a(Ei,X,B) and gi :=
f1 ◦ · · · ◦ fi. Let vi be the vertex corresponds to Ei, wi := −(Ei · Ei),
ei := 1 − ai ≤ 1 for any 1 ≤ i ≤ n, and ci := −1 + multxi BXi for any
0 ≤ i ≤ n − 1. Since
∑
Ei is snc, there exists at most one k < i such that
xi ∈ Ek.
If mld(X ∋ x,B) ≥ 1, then
mld(X ∋ x,B) = a(E1,X,B) = 2−multxB,
and a(E1,X, 0) = 2 by Lemma 4.3(4). Let N = 2 and we are done. In
the following, we may assume that mld(X ∋ x,B) < 1. By Lemma 4.3(5),
1 ≥ ei > 0 for any 1 ≤ i ≤ n. By Lemma 4.2(4), the dual graph DG of gn is
a chain.
Claim B.2. If Ei intersects Ej on Xj and ei ≥ ej for some i < j, then
xj ∈ Ei.
Proof of Claim B.2. Otherwise there exists a sequence of vertices vk1 , . . . ,
vkl =: vn such that vks is adjacent to vks+1 for any 1 ≤ s ≤ l − 1, vk1 = vi
and vk2 = vj . By Lemma 4.2(2), ei < ej , a contradiction. 
It is clear that multxj SuppBXj is decreasing, we will need the following
claim.
Claim B.3. For any j ≥ 1, there exists a positive integer Nj depending
only on Γ and j such that either n− j ≤ Nj or
multxmj SuppBXmj ≤ multxj SuppBXj − 1
for some positive integer mj satisfying 0 < mj − j ≤ Nj.
Suppose that Claim B.3 holds. Since −1 + multxB ≤ 1,
multx SuppB ≤ ⌊
2
b0
⌋,
where b0 := minb∈Γ{b > 0} > 0. Thus n and a(E,X, 0) are bounded from
above by Claim B.3. 
Proof of Claim B.3. Let
Γj := {−s0 +
∑
siti > 0 | si ∈ Z≥0, ti ∈ Γ, s0 ≤ j + 1} ∪ {0}
which satisfies the DCC set as Γ does. There exists a positive real number ξj
such that if −1+
∑
siti > 0 for some si ∈ Z≥0, ti ∈ Γj, then −1+
∑
siti ≥ ξj.
We will show that Nj := ⌊
1
ξj
⌋ has the required properties. Suppose on the
contrary that n−j > Nj and multxmj SuppBXmj = multxj SuppBXj , where
mj = j+Nj+1. Thus cj = cj+1 = · · · = cmj . We first show that cj ≤ 0. Let
e′i = ek if xi ∈ Ek for some k < i, otherwise let e
′
i = 0. Now suppose that
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cj > 0 which implies that cj ∈ Γj , cj ≥ ξj and ej+1 = cj + ej + e
′
j > cj ≥ ξj.
We show by induction on k that ej+k > kξj for any 1 ≤ k ≤ Nj +1. Assume
that for some Nj ≥ k0 ≥ 1, ej+i > iξj for any 1 ≤ i ≤ k0. Then by induction,
ej+k0+1 = cj + ej+k0 + e
′
j+k0 ≥ cj + ej+k0 > (k0 + 1)ξj .
We finish the induction. Hence 1 ≥ emj > (mj− j)ξj and mj− j = Nj+1 ≤
Nj, a contradiction. Thus cj ≤ 0.
Ej′
xj+k
Ej+k
Ej+k−1
Ej′′
Ej+1
sub-dual graph in the proof Claim B.3
If xj /∈ Ej0 for any j0 < j, then ej+1 = ej + cj ≤ ej which implies that
xj+1 ∈ Ej by Claim B.2. Since Claim B.3 fails for j, Claim B.3 also fails
for j + 1. Otherwise we can take Nj := Nj+1 + 1 which has the required
properties. Therefore possibly replacing j,Γj , ξj, Nj by j+1,Γj+1, ξj+1, Nj+1
respectively, we may assume that xj ∈ Ej0 for some j0 < j.
We show that either xj+k−1 ∈ Ej0 for any 2 ≤ k ≤ Nj +1 or xj+k−1 ∈ Ej
for any 2 ≤ k ≤ Nj + 1. Since Ej+1 intersects Ej0 , Ej , and DG is a chain,
either xj+1 ∈ Ej or xj+1 ∈ Ej0 . We may assume that xj+1 ∈ Ej′ , where
j′ ∈ {j, j0}. Let j
′′ be the integer such that {j′, j′′} = {j, j0}. By Claim B.2,
ej′′ < ej+1 = cj + ej + ej0 = cj + ej′ + ej′′ ,
and hence ej′ + cj > 0. Thus ej′ + cj ≥ ξj as ej′ + cj ∈ Γj. We then show
by induction on k that xj+k−1 ∈ Ej′ for any 2 ≤ k ≤ Nj + 1. Assume that
for some Nj ≥ k0 ≥ 2, xj+i−1 ∈ Ej′ for any 2 ≤ i ≤ k0. It follows that
ej+i = ej+i−1 + (ej′ + cj) = ej′′ + i(ej′ + cj) > iξj
for any 1 ≤ i ≤ k0. If xj+k0 /∈ Ej′ , then xj+k0 ∈ Ej+k0−1 as DG is a chain.
It follows that
ej+k0+1 = cj + ej+k0 + ej+k0−1,
and ej+k0 > ej′ by Claim B.2. Let e¯j+k0−2 = ej′′ if k0 = 2, otherwise let
e¯j+k0−2 = ej+k0−2. Then on Xj+k0+1, we have
0 = (KXj+k0+1 +BXj+k0+1 +
j+k0+1∑
i=1
eiEi) ·Ej+k0−1
≥ −2 + (ej+k0−1 − 1)Ej+k0−1 · Ej+k0−1 + ej+k0+1 + e¯j+k0−2
≥ ej+k0+1 + e¯j+k0−2 − 2ej+k0−1
= ej+k0 − ej′ > 0,
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a contradiction. We finish the induction. Hence xmj−1 ∈ Ej′ and 1 ≥ emj =
ej′′+(mj−j)(ej′+cj) > (mj−j)ξj which implies thatmj−j = Nj+1 ≤ Nj,
a contradiction. 
Recall that Theorem B.1 implies Lemma 4.6. The ACC for minimal log
discrepancies in dimension 2 follows from Lemma 4.6 and Lemma A.3.
Theorem B.4 ([Ale93, Theorem 3.6]). Let Γ ⊆ [0, 1] be a DCC set. Then
Mld(2,Γ) satisfies the ACC.
Proof. It suffices to show that the setMld(2,Γ)∩ [ǫ,+∞) satisfies the ACC
for any 1 ≥ ǫ > 0. The result follows from Lemma 4.6 and Lemma A.3. 
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